ANTICYCLOTOMIC p-ADIC i-FUNCTION OF CENTRAL CRITICAL 
RANKIN SELBERG L- VALUE 

MILJAN BRAKOCEVIC 

Abstract. Let M be an imaginary quadratic field, f a Hecke eigen-cusp form on GL2('Q)\GL2(A) and nf 

the unitary base-change to M of automorphic representation vTf associated to f . Take a unitary arithmetic 

f**^ ' Hecke character x of M^\M^ inducing the inverse of the central character of TTf . The celebrated formula of 

^^ ' Waldspurger relates the square of ix(f) '■— /at x \ m^ f(i)x(*)'^'^* to the central critical value L{-^,TTf (X) x)- 

^ ' We construct a new p-adic L-function that interpolates L^(f) over arithmetic x's for a cusp form f in the 

Q ' spirit of the landmark result of Katz where he did that for Eiscnstein series. 



^ 



^ ■ 1. Introduction 






Let M be an imaginary quadratic field, R its ring of integers and p a fixed prime so tliat tlie following 
assumption holds throughout the paper: 

(ord) p splits into product of primes p = pp in R. 

We fix two embeddings itx) : Q '^ C and tp : Q ^-> Cp and write c for both complex conjugation of C and 
Q induced by too- Then we can choose an embedding a : M ^^ Q such that the p-adic place induced by 
ip o (T is distinct from the one induced by Lp o c o a. This choice E = {a} is called p-ordinary CM type 
and its existence is equivalent to (ord). Fix an embedding M M> M2(Q) so that we have M^\M^ ^->- 
^S] ■ G(Q)\G(A) for the algebraic group G = GL(2)/q. Let / be a normalized Hecke eigen-cusp form of level 

K^ ' ro(A^), A^ > 1, weight fc > 1, and nebentypus -0 and let f be its corresponding adelic form on G{Q)\G{A) 

"^ . with central character ■0 (see Section |6] for definition). All reasonable adelic lifts of / are equal up to twists 

~_J ' by powers of the conductor one character |det(g)|A and f"(g) :— f|'0(det(g))|^^/^ is the unique one which 

ly-N . generates a unitary automorphic representation TTf. We take the base-change lift TTf to Rcsm/qG. Pick an 

arithmetic Hecke character x of M^\M^ such that x|a>^ ~ '4'^ and set x~ '■= (x ° c)/|xl- The celebrated 
(^ ■ formula of Waldspurger }Waj relates the square of L;^(f) := /^x^m'' Ht)xi.t)d^t to the central critical value 

^p ■ i(i, TTf (g)x^) of Rankin-Selberg convolution of/ and theta series 0{x~) associated to x^ , up to finitely many 

ambiguous local factors. In the recent paper [HilOb] Hida computes explicit formula for i^(f)^ without any 
ambiguity covering all arithmetic Hecke characters x with xIax — ■0~ producing the central critical value. 
The goal of this paper is to interpolate p-adically L^{{) over arithmetic x's for a cusp form f in the 
}J] ' spirit of the landmark paper of Katz |Ka| where he did that for Eisenstein series. To briefiy outline our 

5^ I idea, let N = JJ^ F^'-'> be the prime factorization and denote by Nns — 11; non-spiit '"^'^ i^s "non-split" part. 

Consider the order Rn^^p^ := Z+NnsP'^R and let Cl^^(iV„sp") :— Pic(i?Ar^^p7i), that is, the group of i?Ar„^p"- 
projective fractional ideals modulo globally principal ideals. By class field theory, Cl]^{NnsP'^) is the Galois 
group Gal(iJjv„sP"/-^) of the ring class field Hj^^^p^ of conductor iV„sp". We define anticyclotomic class 
group modulo NnsP°°, C\]^.i{NnsP°°) ■= lim^ Cl^y(A^n^p") for the projection TTm+n,n ■ Cl^(A^„sp"'+") -^ 
C\]^{NnsP'") taking a to uRn^^p"- By class field theory, the group C\'^^{NnsP°°) is isomorphic to the Galois 
group of the maximal ring class field of conductor NnsP°° of M, namely H^^^p^ — [J^ H^^^p^ ■ To accomplish 
our goal we construct a VK- valued p-adic measure d/i/ on G\J^{NnsP°°) such that its moments interpolate the 
special values at carefully chosen CM points of Hecke eigen-cusp form / and p-adic modular forms obtained 
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by applying Katz's p-adic differential operator to /. Here W is the ring of Witt vectors with coefficients in an 
algebraic closure ¥p of the finite field of p elements Fp, regarded as p-adically closed discrete valuation ring 
inside p-adic completion Cp of Qp. We set W = i~^{W) which is a strict henselization of Z(p) = Q H Zp. A 
subtle construction of CM points on a Shimura variety that underlies the central critical values L{^, T^f^i^X') 
allows us to relate J^,- .^ ^s xd/i/ for a very broad class of infinite order arithmetic Hecke characters x 

to the "square root" of L(^,7rf (E) x~) by utilizing Hida's computation. These CM points are associated to 
proper ideal classes of Rn„sp" ^^'^ carry elliptic curves with complex multiplication by M having ordinary 
reduction over W and equipped with suitable level structures also defined over W. Thus, if we denote by 
5k the differential operator of Maass-Shimura and by d its p-adic analogue invented by Katz, then for a 
modular form / integral over W, the values of ^™/, m > 0, at our CM points lie in W and, up to canonical 
period, coincide with values of d™/ at the same points by the results of Shimura and Katz ( \Ka\ and |Sh75| ). 

The Shimura variety Sh in question is Shimura curve classifying elliptic curves up to isogeny constructed 
by Shimura in [Sh66j and reinterpreted by Deligne in jDeTlj . Subtleties of Hida's computation of explicit 
Waldspurger formula required careful study of the arithmetic geometry of this Shimura curve. Ultimately, 
Hecke relation among CM points on Sh holds the key to the distribution relation of the cuspidal measure 
that we construct. Second, we study the effect of Hecke operators on the Serre-Tate coordinate t in the 
infinitesimal neighborhoods of CM points. This is one of the novelties of the paper and we precisely determine 
how certain Hecke isogeny actions on the Igusa tower over an irreducible component of Sh containing a CM 
point affect the Serre-Tate deformation space of elliptic curve carried by this CM point (see Proposition 
7.3|) . This enables us to establish an interpolation formula in great generality. 

Let ip : M^\M^ — )■ C^ be an anticyclotomic arithmetic Hecke character such that 1^9(000) = Ooo 



for some 771 > (i.e. of infinity type {m, —m)) and of conductor NnsP^ where s > OTdp{N) is an arbitrary 
integer or of conductor Nns- Let ip : M''^\M^ — > Cp defined by <f{x) = ip{x)xp be its p-adic avatar. 

Then Mazur-Mellin transform of the measure d/i/ given by 

^U, 0= f ^d^if for e e liom,ont{C\M{N„sPn,W''), 

is ap-adic analytic Iwasawa function on the p-adic Lie group iiom.cont{C\]^{NnsP°°) , W^) and for characters 
(p as above we have the following interpolation property (see Main theorem in Section [9|): 

/ if(/,^) y_ L(l,7rf^(y^A)-) 

for an explicit constant C(A, ip, m), where A is a fixed choice of Hecke character of M^\M^ of infinity type 
(fc, 0) such that Aj^x = xp^ , and flp € W^ and floo € C^ are Neron periods of an elliptic curve of CM type 
S defined over W. 

We emphasize that no condition on the conductor N of cusp form / is ever imposed and that the interpo- 
lation formula is optimal in the sense that we don't impose any restrictions on the conductor of arithmetic 
Hecke character ipX other than the optimal ones imposed by the criticality assumption Aj^x = ■0^ • In 
particular, conductor at split primes is also allowed (see Remark 19. ip . The main theorem is stated at the 
end of the paper, after providing all necessary notation and collecting running assumptions. Fix a decom- 
position C\]^,j{NnsP°°) = A X F where F is a torsion free subgroup topologically isomorphic to Zp and A 
is a finite group. An arbitrary character ^ : C\Ji{NnsP°°) — >■ VF^ can be uniquely represented in the form 
^ = ^A^r where ^a is a character of A trivial on F, and ^r is a character of F trivial on A. Denote by 
(•) : C\]^,j{NnsP°°) — >■ F the natural projection, and let fr,t denotes the torsion part of fr- Our interpolation 
formula covers p-adic avatars of the form S,A^r,t{')"^ where ^a, fr,t and tti > are arbitrary and moving 
independently. 

This p-adic L-function exhibits crucial distinction from the p-adic L-functions relevant to the central 
critical value L(i,7rf (E) x) constructed by Vatsal in [VaJ following the method of Bertolini and Darnion 
from [BD , and by Perrin-Riou in |P-R) following the method of Hida from jHi85| under slightly different 
assumptions. First of all, Vatsal's and Perrin-Riou's constructions are limited to weight 2 cusp form / 
and finite order characters x whereas we don't impose any restriction on the weight fc > 1 of / and allow 
infinitely many infinite order characters in the interpolation. Second, both constructions are made under 



the assumption that the cusp form / is ordinary at p, a restriction we don't impose. Most importantly, both 
constructions are characterized by the weight of cusp form / being strictly greater than the weight of theta 
series 9{x) associated to Hecke character x, whereas we treat exactly the opposite case. Not only does this 
make canonical period in their constructions to be the one constructed by Hida in [Hi88a] . namely 

(M 

Vo 
where (/, /) is the Petersson inner product on ro(A^) and rjQ is Hida's congruence number associated to /, 
whereas our canonical period floo is Neron period of an elliptic curve of CM type S and is more natural in the 
context of Iwasawa theory, but also the canonical Selmer group and hence the Main Conjecture associated 
to our p-adic L-function are distinct from the ones in Vatsal's and Perrin-Riou's cases. 

Hida on the other hand constructs in great generality f |Hi85| and |Hi88bj ) a p-adic L- function that 
interpolates the central critical value of the Rankin-Selberg convolution of two independent p-adic families 
of modular forms and our p-adic L-function is essentially the "square root" of the restriction of his general 
p-adic L-function to one of the variables. The precise relationship is a work in progress and will be published 
in a forthcoming paper, since Hida still uses his canonical period 51/ as above, and his p-adic L-function 
interpolates the central critical L-value itself, rather than its "square root" as in our case (the same remark 
holds for Perrin-Riou's construction following his method). 

In the course of preparations to submit this paper, we became aware of the recent preprint of Bertolini, 
Darmon and Prasanna ( BDPJ ) where they construct anticyclotomic p-adic L-function attached to normalized 
Hecke newform / and field M interpolating the central critical Rankin-Selberg L-value. We would like to 
emphasize that our work is done independently and under significantly different set of running assumptions 
making certain aspects of our construction substantially different. The spirit of our work also differs in the 
sense that their main goal goes beyond a construction of p-adic L-function as they prove a deep and beautiful 
theorem that is a p-adic analogue of Gross-Zagier formula, whereas our main goal is a cuspidal version of 
Eisenstein measure in M,a. whose Mazur-Mellin transform gives rise to a p-adic L-function interpolating 
the "square root" of the central critical L-value. In jBDPj (see Assumption 6.1) the authors assume that 
the level iV of a cusp form / is squarefree and the Heegner hypothesis holds; the conductor c of order to 
which Heegner points are associated f |BDPj Section 1.5) is fixed and prime to TV and the conductor f^ of 
central critical Hecke character x appearing in interpolation is a priori bounded by condition f^k^i where 
01; is a fixed cyclic ideal of norm N of the ring of integers of M. Following the notation there, we denote 

(2) 

the set of such characters Sec (c, 91). Note that these conditions exclude the possibility that both N and 
f^ are divisible by p. On the other hand, we impose no squarefree restriction on the level N of cusp form 
and no Heegner hypothesis is assumed. In fact, the assumptions above are opposite from assumptions we 
are running in the paper, namely if N happens to be divisible by p, say p''\\N for arbitrary r > 0, then we 
work with arithmetic Hecke characters whose conductor at p is p'^ for arbitrary s > r, and our CM points 
are then associated to orders of M of conductor divisible by p'^. The difference of our interpolation formula 
from theirs becomes evident in the case when (apart from the conductor) the nebentypus of / also ramifies 
at p. If we set Xm = -^ ' '^ ' I ' Im ^'^^ ^ fixed as above and we let anticyclotomic tp vary as above, then Xm is 
central critical character of cx)-type (fc -I- m, —m) and the authors would have to assume if to be unramified 
at p f [BDPj Proposition 5.3). On the other hand, we allow both the cusp form and Hecke character to be 
unramified at p. Second, apart from being attached to / and M, the p-adic L-function there is dependent 
on the pair (c, 9T) in the sense that Sec (c, 91) is equipped with topology induced by the topology of uniform 
convergence on the subgroup of M[°° of ideles that are prime to p and the p-adic L-function is defined as 
p-adically continuous function on the completion of Sec (c, 91) with respect to this topology. (|BDP] Section 
5.4). On the other hand, our p-adic L-function is a p-adic analytic Iwasawa function on the p-adic Lie group 
HoTJicontiCl^j {NnsP°°) , W^) as the Mazur-Mellin transfrom of a bounded measure. 

During preparations to submit this paper, Kartik Prasanna pointed us to the work of Andrea Mori ( [Moj ) 
in which the author constructs a bounded measure on Z,p whose power series expansion is Serre-Tate t- 
expansion of / around a fixed CM point (in the sense of our Proposition 18. ip - we learned that this idea is 
originally due to A. Mori and goes back to his Brandeis University thesis in 1989. However consideration in 
[Mo] is entirely devoted to a single fixed CM point throughout the paper and no moving of it on Shimura 
curve was ever considered, hence the measure is defined on Zp and a priori depends on Hecke characters that 
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will ultimately appear in interpolation, the latter being a limitation. From the point of view of our paper, 
construction in [Mo] is relevant to a special case: when imaginary quadratic field M is of class number 1, 
a restricted set of everywhere unramified Hecke characters is being interpolated and the level N of an even 
weight cusp form / is prime to p and squarefree. 

A nice feature of our result lies in the fact that the Bloch-Kato conjecture suggests that the central 
critical value i(^, TTf i^i x) is a square in the coefficient field Q(/, x) up to a product of philosophically well 
understood Tamagawa factors. Our construction yields that the central critical value is equal to L^(f)^ 
up to a product of fudge Euler factors. We plan to compute explicitly Tamagawa factors for _L(^,Trf x) 
and relate them to the fudge Euler factors thus establishing the assertion independently of the Bloch-Kato 
conjecture. 

We make two applications of our construction. In [BrlO] we study non- vanishing modulo p of central 
critical Rankin-Selberg L-values with anticyclotomic twists using Hida's method from [Hi04^ while in jBr| 
we compute the Iwasawa /i-invariant of the constructed anticyclotomic p-adic i-function. 

Acknowledgment. I would like to express my gratitude to Prof. Haruzo Hida for his generous insight and 
guidance, as well as constant care and support. I am indebted to the anonymous referee for careful reading 
and providing corrections, valuable comments and suggestions that improved the exposition of this paper. 
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2. Elliptic curves with complex multiplication 

For each Z-lattice o C Af whose p-adic completion Up = a ®z Zp is identical to R ®i Zp we consider a 
complex torus X(a)(C) = C/a. It follows from Shimm^a-Taniyama theory f |ACM] 12.4) that this complex 
torus is algebraizable to an elliptic curve having complex multiplication by M with CM type E and which is 
defined over a number field. More precisely, if M' is a refiex field of (M, S), essentially by the main theorem 
of complex multiplication (^ [ACMj 18.6) we can find a model X{a) defined over an abelian extension k of 
M' such that all torsion points of X(a) are rational over an abelian extension of M' ( [ACM] 21.1). Adding 
sufficiently deep level structure we get a model that is unique up to an isomorphism. Serre-Tate's criterion 
of good reduction QSeTaj ) implies, by further deepening the level structure, that X(a) has good reduction 
over VF n fc. It follows that X(o) is actually defined over the field of fractions /C of W and extends to an 
elliptic curve over W still denoted by X(a)/vv- All endomorphisms of X(o)/vv a-re defined over W and its 
special fiber X(o)/j? = X(a)/vy ® ^p is ordinary by our assumption (ord). 

It is well known that a Z-lattice in M is actually a proper ideal of an order of M. Indeed, if -R(a) = {a G 
i?|aa C a} then R[^) is a Z-order of M . Every Z-order O of M is of the form O = Z + ci? for a rational 
integer c called the conductor and the following are equivalent (see Proposition 4.11 and (5.4.2) in jIAT] and 
Theorem 11.3 of [CRT) 

(1) a is O-projective fractional ideal 

(2) a is locally principal, i.e. the localization at each prime is principal 

(3) a is a proper O-ideal, i.e. O = R{a). 

Thus, one can define class group Cl^j(C') to be the group of O-projective fractional ideals modulo globally 
principal ideals. It is a finite group called the ring class group of conductor c where c is the conductor of O. 
As pointed out in the introduction, we restrict our attention to Cl^^(cp") — Pic(i?cp") for Rcp'^ — Z + cp"'R, 
where c is a suitable choice of integer prime to p. If C1a/(cp") and C1q(cp") denote ray class groups modulo 
cp" of M and Q respectively, then exact sequence 

-^ C1q(cp") -^ C1m(cp") -^ C1m(cp") -^ 
yields 

ICr (cv-)\ - 2MM)y>M(cp") 

where h{M) is the class number of M and (pM and (pq are Euler phi functions of M and Q respectively. The 
adelic interpretation of Cl^j(cp") is given by 



Cl^,(cp") = M>^ \ (m|°°V / (A(°°))"i?, 



OO)^ X dX 



where Rep" = Rcp^ ®'l Z. 



3. AlGEBRO-GEOMETRIC and p-ADIC MODULAR FORMS 

Mainly to set a notation, we briefiy recall basic definitions and facts from algebro-geometric theory of 
modular forms restricting ourselves to what we are going to need in the sequel. 

3.1. Algebro-geometric modular forms. Let A^ be a positive integer and B a fixed base Z[-i-]-algebra. 
The modular curve dK{N) of level N classifies pairs (i?, in) /Si foi' ^ -B-scheme S, formed by 

• An elliptic curve E over 5*, that is, a proper smooth morphism tt : _E — > S* whose geometric fibers 
are connected curves of genus 1, together with a section : S* — > -E. 

• An embedding of finite flat group schemes in ■ fJ-N ^^ E[N], called level ri(iV)-structure, where 
E[N] is a scheme-theoretic kernel of multiplication by N map - it is a finite flat abelian group scheme 
over 5* of rank 7V^ . 

In other words, D}l{N) is a coarse moduli scheme, and a fine moduli scheme if A^ > 3, of the following functor 
from the category of _B-schemes to the category SETS 

V{S) = [{E,in)/s]/^ 



where [ ]/^ denotes the set of isomorphism classes of the objects inside the brackets. If w is a basis of 
'K^:{Q,E/s)j that is a nowhere vanishing section of ^e/Si one can further consider a functor classifying triples 

{E,iN,uj)/s: 

Then a G G„i(S') acts on 2(5*) via {E^ in,^) ^^ {E, in, o.uj) and consequently Q is a Gm-torsor over V. This 
yields representability of Q by a i?-scheme A4{N) affine over Vyi{N)/g. 

Fix a positive integer k and a continuous character i(j : (Z/NZ) ^ — > S ^ . Denote by Cat the canonical 
generator of fiN- A i?-integral holomorphic modular form of weight k, level ro(A^) and nebentypus -0 is a 
function of isomorphism classes of {E, ijv, u>)/a, defined over i?-algebra A, satisfying the following conditions: 

(GO) f{{E,iN,uj)/ji) e A if {E,iN,uj) is defined over A 

(Gl) If g : A — >• A' is a morphism of _B-algebras then f{{E,iN,cj)/A ®b A') — Q{f{{E,iN,uj)/A))', 

(G2) fiiE,iN,aio)/A) - a-^f((£;,^Jv,^)M) for a e ^x = (G„(A); 

(G3) f{{E,iN o b,LL!)/A) — tlj{b)f{{E,iN,uj)^A) for b € (Z/NZ)^, where b acts on ijv by the canonical 

action of Z/NZ on the finite fiat group scheme /xjv; 
(G4) For the Tate curve Tate{q^) over B ®% Zij^qf) viewed as algebraization of formal quotient Gm/g^^, 

its canonical differential '^'^^te deduced from ^ on G,„, the canonical level ri(A^)-structure J™a"e n 

coming from the canonical image of the point ^jv from Gm, and all a € Aut(raie(q^)[A^]) ^ 

G{Z/NZ), we have 

f{{Tate{q% a o i'tZ^^^ MrZe)) e B ®z ^[M] ■ 

The space of B-integral holomorphic modular forms of weight k, level ro(A^) and nebentypus ?/> is a _B-module 
of finite type and we denote it by Gk{N, tp; B). 

3.2. p-adic modular forms. Fix a prime number p that does not divide N . Let B be an algebra that is 
complete and separated in its p-adic topology; such algebras are called p-adic algebras. For an abelian scheme 
E/s we consider a Barsotti-Tate group E[p°"] — lim„£'[p"] for finite fiat group schemes i?[p"] equipped with 
closed immersions £'[p"] '-^ £'[p'"] for m > n and the multiplication [p™^"] : E[p"^] -^ E[p"] which is an 
epimorphism in the category of finite flat group schemes. Considering a morphism of ind-group schemes 
ip : iipx ^-> E[p°°] we have a functor 

'Pn{A:) = [{E,iN,ip)/A]/s 

defined over the category of p-adic i?- algebras A. By a theorem of Deligne-Ribet and Katz, this functor is 
pro-represented by the formal completion VJl{Np°°) of D}l{N) along the ordinary locus of its modulo p fiber. 
A holomorphic p-adic modular form over i? is a function of isomorphism classes of (E, i^, ip)/A, defined over 
p-adic i?-algebra A, satisfying the following conditions: 

(PO) f{{E,iN,ip)/A) e A if {E,iN,ip) is defined over A; 

(PI) li g : A -^ A' is a. p-adically continuous morphism of _B-algebras then f{{E,iN,ip)/A ®s A') = 

g{fiiE,iN,ip)/A)); 

(P2) For the Tate curve Tate{q^) over B{{q)), which is a p-adic completion of B{{q)), the canonical 
p°°-structure i^atep^ ^^e canonical level ri(7V)-structure ir'ateN^ ^1^ p-adic units z e Z^ and all 
a g Aut{Tate{q'^)[N]) 9^ G{Z/NZ), we have 

/((rate(q^), a o t^^Ze,N, z o i^rTte,p)) e B[[q]] . 

We denote the space of p-adic holomorphic modular forms over B by V{N; B). 

The fundamental g-expansion principle holds for both algebro-geometric and p-adic modular forms ( |DeRa] 
Theorem VII.3.9 and Ka76 Section 5): 

Theorem (g-expansion principle) . 1. The q-expansion maps Gk{N,ip; B) -^ B[[q]] and V{N]B) — > 

i?[[(7]] are injective for any (p-adic) algebra B. 
2. Let B <Z B' be (p-adic) algebras. The following commutative diagrams 
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Gk{N,4':B) > B[[q]] V{N-B) > B[[q]] 



Gk{N,i^;B') > B'[[q]] V{N-B') > B'M] 

are Cartesian, that is, the image of Gk{N,ij}]B) in G}^{N,^j]B') (V(N;B) in V{N; B')) is precisely the set 
of (p-adic) modular forms whose q-expansions have coefficients in B. 

Note that p°°-level structure ip : /ipoo ^^ E\p°°] over A induces isomorphism of formal groups ip : Gm — E 
over A called trivialization of _E, where E is the formal completion of E along its zero-section. More 
precisely, giving a trivialization ip is equivalent to giving a p°°-level structure ip due to equivalence between 
the categories of p-divisible smooth connected abelian formal groups over A and of connected p-divisible 
groups over A. Using trivialization ip we can push forward the canonical differential ^ on G™ to obtain 

an invariant differential ujp :— ip,*(Y') on -^ which then extends to an invariant differential on E. Thus for 
/ G Gk{N, ip; B) we can define 

f{{E,iN,ip)) -.^ f{{E,iN,ujp)) 
allowing us to regard an algebro-geometric holomorphic modular form as a p-adic one. It follows from 
g-expansion principle that Gk{N, ip; B) ^-> V{N; B) is an injection preserving q-expansions. 

4. Shimura curves 

Recall that in Section [21 for a Z-lattice a C M whose p-adic completion ap = a (E)z ^p is identical to 
i? (g)z Zp, we constructed an elliptic curve X{a) defined over W. Let T{X{a)) = ]my X{a)[N]{Q) be its 
Tate module. Strictly speaking, to define the Tate module of an elliptic curve E/j^ defined over a subring 
A of Q we take a geometric point s — Spec{Q) € Spec{A) in each connected component of Spec{A) and set 

T{E)^]^^E[Nm. 

Note that any Z-basis (w;i,'u;2) of a = a(8)zZ gives rise to a level A''-structure 77Ar(a) : (Z/A^Z)^ = X(a)[iV] 
given by r]N{o.){x,y) = ^"'i+^"'2 ^ X{a)[N]. After taking their inverse limit and tensoring with A(°°^ we get 
level structure 

rjia) = ^ w(a) : (A^°°^)' = r(X(a)) ®2 A(°°) =: F(X(a)) . 

N 

We can remove p-part of 77(0) and define level structure rj^^' (a) that conveys information about all prime-to-p 
torsion in X{a): 

r]^P\a) : iA^P°^^f ^ r(X(a)) Og A^p°°^ =: V^P\X{a)) . 
Since prime-to-p torsion in X{a)/w is unramified at p and X{a)[N] for pf A^ is etale whence constant over 
W, the level structure r]^P\a) is stih defined over W f lACM] 21.1 and [5eTa] ). 

Given affine algebraic group G = GL(2) /q let § — Resc/gGm and denote by /iq : § — > G/r the homomor- 
phism of real algebraic groups sending a + fei to the matrix ( ^ ^ ) . The symmetric domain X for G{M.) can 
be identified with conjugacy class of Hq under G{M) and is isomorphic to the union Jo Ui^"^ of complex upper 
and lower half planes via goho 1— > goi. Here the left actions of G(R) on X and S)US)'^ are by conjugation and 
z M- ffx^i for 5 = ( ° ^) , respectively. The pair (G, X) satisfies Deligne's axioms for having its Shimura curve 
Sh ( [De71j and |De79j 2.1.1). It was initially constructed by Shimura in [Sh66^ but nicely reinterpreted by 
Deligne in |De71| 4.16-4.22 as a moduli of abelian schemes up to isogenics. Namely, Deligne realized Sh as a 
quasi-projective smooth Q-scheme representing moduli functor J^'^ from the category of abelian Q-schemes 
to SETS: 

:F'i{S)^{{E,rj)/s}/^ 

where rj : (A*^""^)^ = T'iE) (8)g A(°°^ —: V{E) is a Z-linear isomorphism and two pairs (E, jf) /s and {E' , rj') jg 
are isomorphic up to an isogeny, which we write (i?, rf) /g « (i?', rj') /g, if there exists an isogeny cp : E/s — > E',g 
such that (po rj — rj' . 

The pairs {E, ri^P^)/g for a W-scheme S are classified up to isogenics of degree prime to p by a p-integral 

model Shjy^ of ShjQ constructed by Kottwitz in [Ko| . In fact, scheme Sh^P'' is smooth over Z(p) and 
Sh'^p'>®z..Q = ShlG{Zp). 



Each adele g G G(A'^°°)) acts on a level structure 77 by 77 !—> ry o g inducing G(A(°°^)-action on Sh. A 
sheaf theoretic coset 77 = rjK for an open compact subgroup K C G(A'°°)) is called a level iiT-structure. The 
level X-structure is defined over base scheme S if for each geometric point s € S we have a o fj = fj for all 
(J E TTi{S, s). The choice of s does not matter in the sense that if the condition is fulfilled for one geometric 
point in each connected component of S, it is valid for all s E S. The quotient Sh^ — Sh/ K represents the 
following quotient functor 

and Sh — lim Shx when K runs over open compact subgroups of G(A'-°°)). 

Let A^ be a positive integer prime to p. Note that if a; = (£',ijv) S 9Jl(-/V)(S') for a W-scheme 5", one 
can choose ry^P^ so that 77*^^-' mod ri(7V) = ijq and get a point x = {£,7]^^^) S Sh'^P^S) projecting down 
to X = {E,iN) e m{N){S). In this paper, fo(iV) ^ K^;^) G G(Z)|c G NZ} and ri(A^) = {(2^) G 
fo(A^)| d - 1 G NZ}. By universality, we get a morphism m{N) -> 5/i(PVri(A^) and the image of m{N) 
gives a geometrically irreducible component of Sh^'P'' /Ti{N). The G(A'^°°^)-action on S'ft-'^''^ given by ri^P'> H> 
jy(p) o (;(p) is geometric preserving the base scheme Spec(W). 

The complex points of the Shimura curve Sh are given by the projective limit under the inclusion relation 
of open compact subgroups of G(A(°°^) and they have the following expression: 



Sh{C) = G{Q)\(x X G(A(°°))) 



where Z is the center of G and the action is given by 'y{z,g)u = {'-f{z),^gu) for 7 G G(Q) and u G Z{Q) 
QDe79| Proposition 2.1.10 and Mi^ page 324 and Lemma 10.1). 

An important point in Deligne's treatment of Sh/q is that instead of functor J-'^ one can consider iso- 
morphic functor T^ from the category of abelian Q-schemes to SETS: 



J^{S) = {{E', ry)/s| 3E G J^{S) : E'/, « E/s , v{Z') = T{E')}^^ 

and = is not just induced from an isogeny, but rather an isomorphism of abelian schemes. Imposing the extra 
condition ri{Z'^) = T{E') is compensated by tightening equivalence from "isogenies" to "isomorphisms". 

The isomorphism of functors T^ = T"^ is realized by finding a unique pair {E',r]) (up to isomorphism) 
with ri{l?) = T{E') in S-isogeny class of a given {E,ri) in J^^{S). Due to its relevance for our construction 
of CM points on Sh, let us briefly recall this standard procedure in construction of Shimura varieties ( jPAF] 
4.2.1). It suffices to show Tj^ = T^ for every open compact subgroup K C G(A'^°°^) such that KZ"^ = 1? . 
Let {E,r\) G Tj^{S). There are three cases to distinguish: 

Case 1 : We assume that 7y(Z^) contains T{E). Then G = ri{Z'^)/T{E) can be naturally identified with a 
subgroup of E. Let s G 5* be an arbitrary geometric point and a G 7ri(S', s). Then a o rj ~ i] o a for some 
a € K implying that for x = r]{v) modT(-E) with w G Z we have <j{x) = a{r]{v)) = rj{av) and av G Z^ since 
Z^ is stable under K. It follows that subgroup G is stable under tti{S,s) for all geometric points s G S 
proving that G is a subgroup scheme of E defined over S. Thus the quotient E' = E/C is abelian scheme 
over 5' ( |AB V| Section 12) and we have 7ri(S', s)-equivariant exact sequence 

— ^ T{E) — > T{E') — ^ G — ^ 

yielding t] : (A(°°))2 9i V{E) = V{E') with the exact identity 7]{Z,'^) = T{E'). The pairs {E,t])/s and 
{E',r])/s define the same element oi T^{S). 

Case 2 : We assume r?(Z^) is contained in T{E). Then canonical identification 7ri(_E, 0) ~ T{E) ( I AB VJ 
Section 18) yields a unique abelian scheme E',g with Z-linear etale isogeny tt : E' ~> E with rj{Z'^) — T{E') 
making {E',rj)/g the desired pair. 

Case 3 : The case when ?7(Z^) and T{E) are not related by an inclusion is easily handled by successive 
application of previous two cases. Namely, we can consider Z-lattices L' with L' — 'q~^{T{E)) + 1? and L" 
with L" = 7]^^{T{E)) n Z^. By case 1, starting from {E,r])/g we first create {E" ,ri")/g in the S'-isogeny 
class of {E,r])/s with T{E") — rj{L'). Then applying case 2, from {E",t]")/s we create {E\vi)/s with 
T{E') = ■q{I?) as desired. 



5. CM POINTS ON Shimura curves and differential operators 

In this section we associate to each proper i?cp'> -ideal o prime to p a CM point on appropriate moduli 
scheme and recall definition of differential operators of Maass-Shimura and Katz and their rationality prop- 
erties at CM points of modular forms. Note that n and fixed c arc arbitrary positive integers and c is prime 
to p. 

5.1. Construction of CM points. The CM points associated to proper i?cp"-ideals a prime to p are built 
in three stages. First, we equip X{R)/yy with appropriate level structures and a fixed choice of invariant 
differential. Secondly, for every proper i?c-ideal 2t such that 2lp = R(E)i, Zp, we then induce from X(i?)/yy 
corresponding level structures and an invariant differential on X(2t)/vv- Finally, if C C X(2l)[p"] is a suitable 
rank p" subgroup scheme of a finite flat group scheme X(2l)[p"] that is etale locally isomorphic to Z/p"Z 
after faithfully flat extension of scalars, we examine geometric quotient of ^(21) by C ( [AB V] Section 12) 
and explain how it gives rise to desired CM point associated to a proper _Rcp" -ideal a prime to p. 

Any choice of Z-basis(u;i,u;2) of ^ = i?(g)zZ gives rise to a level structure ?7(p)(i?) : (A(p°°))2 ^ V^p'^{X{R)) 
defined over W as explained at the beginning of previous section. In particular, fixing a choice of zi € i? 
such that R = 7j + Zzi we get a Z-basis {'Wi,'W2) of R. To define appropriate level structure at p, recall 
that a special fiber X{R)/f = X{R) jyj ® Fp of elliptic curve X{R)/y^; is ordinary under (ord). We have 
X{R)[p^] = Qp/Zp ® /ipoo over algebraically closed field Fp and in particular, the special fiber X{R) w has 
a p°°-level structure i : /Xpoo '-^ X{R)[p°°] over Fp. This level structure arises from the fact that, since X{R) 
has ordinary reduction over W, the connected component X{R)[p'^]° of finite flat group scheme X{R)[p"^] 
is isomorphic to /ip™ and sharing with X{R) ^ tangent space Lie{X{R)) at the origin. Thus X{R)\p°"]° — 
U^ Ar(i?)[p™]° = lim,„/Xpm = ^poo. Using Serre-Tate deformation theory ([Ka78]), X{R) sits at the origin 
of Serre-Tate deformation space and we can lift i to ap°°-level structure 77°'''^ (i?) : ^poo ^->- X{R)[p°°] defined 
over W. By Cartier duality, we get etale part of level structure at p, namely rf^{R) ■ Qp/Zp = X {R)[p°°]'^* 



over W, as Cartier dual inverse of the ordinary part 77° (i?) : /Zpoo = X{R)[p°°]°. In summary, the p-part of 



level structure can essentially be written as the auto-dual short exact sequence 

— > ^ip^ — > X{R)[p°°] — > Qp/Zp — > over W . 

In the language of Serre-Tate deformation theory, this is nothing but connected component-etale quotient 
exact sequence of /pp/-sheaves 

— ^ X{R)[p°°]° — ^ X{R)[p°°] -^ X{R)[p°°Y' — > over W , 

whose extension class uniquely determines the structure of Barsotti-Tate group X{R)[p°°] ( (Ka78| ). Note 
that the above exact sequences describing p-part of level structure on X(i?)/vv split over W. Indeed, 
X{R)[p°°] is multiphcative (etale locally) and X{R)[p°°] is etale over W and we can identify X{R)[p°°] = 
xIr)[p°°]° and X{R)[p°°] = X(R)[p°°Y\ Since i?(8)zZp splits into -R«)zZp = Rp®Rp and i?(g)zZp is a subring 
oiEnd{X{R)[p°°]) we have splitting X(i?)[p°°] = X {R)[p°°] (B X {R)[p°°] over any ring over which X{R) and 
its endomorphism algebra are defined, hence over W. The triple x(i?) = [X (R) , r]'-P'> (R) , 7]°^ (R) x '>1™'^{R)) ,y^ 
is called a CM point on Sh. (The reason for identifying R ®i "Lp with Rp ® Rp in that order is explained 
in Remark 16.31 ) We choose and fix once and for all an invariant differential i^{R) on X{R)/y^ so that 
H%X{R),^xiR)^„)^yVu:{R). 

Let 2t be a proper i?c-ideal whose p-adic completion 2tp — 2l(XizZp is identical to R^z'^p- Regarding c as an 
element of A^, (cwi, W2) is a basis oi Re over Z yielding a level structure rj'-P^Rc) : (A(p°°^)^ = V^p^X{Rc)). 
Choosing a complete set of representatives {ai, . . . ,a//-} C M^ so that M^ — \_\j^i M^ajR^ M^ we have 

21 = aajRc for some a £ M^ and 1 < j < H^ and we can define ?7'-'''(2l) = a^^aJ^r]'-P''{Rc) so that we have 
commutative diagram 

T^P\X{m)) ^^^^ T^P\X{R,)) 
2i(p) ^^^ i?(rt 



Since 2tp ~ R^i'Lp, X(i? n 21) is an etale covering of both X(2l) and X{R) and we get r]'^'^{%) : /^poo = 
X{%)[p°°]° and rif{^) : Qp/Zp = X{^)[p°°Y'^ first by pulling back ri°'"^iR) and r]piR) from X{R) to X(i?n2l) 
and then by push- forward from X(i? n 21) to X(2l). In this way we get a CM point 



x(2l) = (^X(2l),ry^P'(2l),<(2t) x ^^^(21),/^ 

on Sh associated to a proper i?c-ideal 21. Similarly, uj{R) induces a differential a;(2t) on X(2t) first by pulling 
back uj{R) from X{R) to X(i? n 21) and then by pull-back inverse from X{R n 21) to X(2l). The projection 
TTi : X(i?n2t) ^> ^(21) is etale so the pull-back inverse {ttI)~^ : f^jf(flna)/w ^" ^x(a)/>v is an isomorphism, 
whence iJO(X(2l),17x(a)/w) = >Vw(2t). 

Let C C X(Rc)[p"'] be a rank p" subgroup scheme of a finite flat group scheme X{Rc)[p"'] that is etale 
locally isomorphic to Z/p"Z after faithfully flat extension of scalars and such that CnX(i?c)[p"] = {0} but 
also C is different from X(i?c)[p"]. Note that X{Rc)[p"] = X(i?c)[p"] ® X(i?c)[p"] = Z/p"Z ® ^p,. over W. 
If (pn and 7pn are the canonical generators of /ipn and Z/p"Z, respectively, then we actually consider C to 
be one of p"'~-^(p— 1) rankp" finite flat subgroup schemes C„ = {Cp"lp") oi X{Rc)[p"], for 1 < u < p" and 
gcd(u,p) = 1. We shall examine geometric quotient of X(Rc) by such finite flat subgroup schemes C ( [AB V] 
Section 12). Since extension W/Zp is unramified, C as a finite flat subgruop scheme is well defined over 
yV'[/ipn] , which stands for finite extension of W obtained by adjoining a primitive p"-th root of unity (pn inside 
Q. Thus, the geometric quotient X{Rc)/C is defined over >V[/j,pn]. If o is a lattice so that X{Rc)/C — X{a) 
then a/ Re = C and a is a Z-lattice of M because C is Z-submodule. Since p'^C = we have p^Rca C a 
which means that a is i?cp"-ideal. Moreover o is not iJ^p" -i-submodule so we conclude that a is a proper 
i?cpi-ideal. The quotient map tt : X{Rc) ~» X{Rc)/C is etale over yV[/ipn] so we obtain level structures 
,y(p)(a) = 7r,77(P)(i?,) = 7rory(P)(i?,), ril'^ia) = ^*r;-<i(i?e) = ^°??°'-''(i?c) and i^f{a) = ^.vf{Rc) = 7ror;;*(i?,), 
as well as an invariant differential w(a) = (7r*)~^a;(_Rc) on X{Rc)/C. Note that H'^{X{a),flx(a)/w[fj. n]) = 
yV[//p>.]a;(a) as tt : X{Rc) -» X{a) is etale and consequently (Tr*)"^ : r2x(fl:,)/w[Mpnl ^ f^x(a)/w[/ip..l is an 
isomorphism. In this way we created p"^^(p — 1) CM points 

x{a) = (x(a),r;(P)(a),<(a) x rj°;''(a)) 

on S*/!, equipped with an invariant differential uj{a) on ^(o), where these o's are representatives of exactly 
p"^^{p — 1) proper i?cp"-ideal classes in Cl^j(cp") that project to proper ideal class of p^"i?c in Cl^^(c). 

Let {2li, . . . ,2l/f-} be a complete set of representatives for Cl^^(c). In the same fashion as above, by 
considering geometric quotients X{Qij)/Cu of X(2lj)/w by rank p" etale finite flat subgroups schemes Cu = 
(Cp'"7p") <^ -'^(2lj)b"]' where 1 < u < p" and gcd(u,p) = 1, we create CM points 



xiaj^u) = (x(oj-„),?7(P)(aj-„),r/f (Oj-„) x Vp"^iaj,u)) 



/W[mp" 



on Sh, equipped with an invariant differential uj{aj^u) on X{aj^u), where for every fixed 1 < j < H~ , these 
aj,u are representatives of exactly p"'~^{p — 1) proper i?cp"-ideal classes in Cl^^(cp") that project to proper 
ideal class of p~"2lj in Cl^j^(c). 

Finally, if b is any proper i?cp'» -ideal prime to p then after finding its proper ideal class representative 
Qj^u in Cl^^(cp"), for a unique j and u as above, there is /3 G M^ such that b — Paj,u and /3 induces an 
isomorphism /3 : X(aj-„) ^ X{h). Thus, we can define r]^P\h) = P^rj'^P^aj.u)) = (3-h]'^P^aj.u), Vp'^W = 
/^*('?p"^('Ij.m)) = I^^^Vp'^'^i^j.u) and 77p*(b) = PtiVp^i^j^u)) = P^^''lp*'i<^j,u), as well as an invariant differential 
c^(b) = (/3*)-it^(a,-„)onX(b). 



5.2. DifTerential operators. Recall the definition of Maass-Shimura differential operators on S) indexed 

by fc e Z: 

27ri \dz 

for a non-negative integer r. Their important property is that once applied to modular forms they preserve 
rationality of a value at a CM point ( [A AF) III and jSh75| ). Let o be a proper i?cp" -ideal prime to p. We 
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^k = T^Zl ( TT" + T = ) ^'^'^ ^k = 4+2r-2 ... 4 



constructed corresponding CM point 

x(a) = (x(a),ry(^)(a),<(a)x^-'i(a)) 

on Sh and an invariant differential uj{a) on X{a)fw[f^ „] . To precisely state this rationality result of Shimura, 
note that the complex uniformization X(a)(C) — C/a induces a canonical invariant differential a;oo(ci) in 
^x(a)/C by pulling back du, where u is the standard variable on C Then one can define a period iloo G C^ 
by w(a) = r^ooWoolfl) (,K3 Lemma 5.f.45). Note that r^oo does not depend on a since uj{a) is induced by 
uj{R) on X{R) by construction. Then for / G Gk{N, ip; W) we have 

;rfc+27 = ^fe/(2;(<i),^(a)) e W[fip^] 

f pCa] Theorem 2.4.5). 

Katz gave a purely algebro- geometric definition of Maass-Shimura differential operator QKaj Chapter II) 
by interpreting it in terms of Gauss-Manin connection of the universal abelian variety with real multiplication 
over DJl. This allowed him to extend the operator S^ to algebro-geometric and p-adic modular forms; we 
denote the latter extension of S^ by (F : V{N; W) — ^ V{N; W). As explained at the end of Section [321 the 
ordinary part of level structure at p, 7]°''^ (a) : /ipoo ^ X(a)[p°°] induces trivialization G.,„ = -^(a) for the p- 
adic formal completion X(a) ;^r ^i of X{a) along its zero-section. We obtain an invariant differential Wp(o) 

on X{a) ,^r, ^ by pushing forward -j- on G,„, which then extends to an invariant differential on X{a)/wifi «] 
also denoted by u}p{a). Then one can define a period Op G W^ , independent of a, by uj{a) — ^pUjp{a) f |Kaj 
Lemma 5.1.47). The fact that will be of instrumental use for us is 



(5.1) ' '''272,-" = K/)(x(a),c.(a)) = {6lf){x{a),u;{a)) G W^.] 



{d^f){x{a),iup{a)) 
pCa] Theorem 2.6.7). 



\Lp 



6. Hecke relation among cm points on Shimura curves 

Let Sk(ro{N),ip) denote the space of holomorphic cusp forms / of level ro(A^) and nebentypus i/j with 
/(7(z)) = i^i-f)f{z)ji-f,z) for 7 G To{N), where j((|d)'^) = cz + d ior z & ^ and (^^5) G G(R). We 
may regard Dirichlet character -0 as a character of ro(A^) via (^^j) 1^ ilj{d). Then by strong approxi- 
mation theorem G(A) = G(Q)ro(iV)GL+(R) (GL+(R) = {5 G G(R)|det(g) > 0}) and we can lift / to 
f : G(Q)\G(A) ^ C by {{aug^) = f{g^{i))ij{u)j{g^,iy'' for a G G(Q), u G fo{N) and goo € GL+(R). 
Note that i{agu) = ip{u)i{g) for a G G(Q) and u G ro(A^), and that f is so-called arithmetic lift of 
/ (as opposed to automorphic lift involving the determinant factor which we omitted). If we denote by 
Sk{To{N),ip) the space of adelic cusp forms f obtained from / G Ski^oiN),!/;) in described way then 
Sk{To{N),i;) ^5fc(ro(A^)» via / O f . Note that the center Z(A) acts on 5fc(ro(iV), V') via f |C(5) = f (Cs) 
and that f|Coo = C^'^f for C G ^(A). Thus 5fe(ro(A''),^) decomposes into the direct sum of eigenspaces for 
this action and on each eigenspace Z{A) acts by a Hecke character whose restriction to ro(A^) n Z{A) is ip 
and which sends Coo to Cm*^- If we lift ip to A^ in standard way and set tp :— ip\ ■ \a j ^'^t SkiNjtp) denote 
the V-cigenspace. Then Sk{To{N),ip) = Sk{N,-ip) via /of. 

Following closely Section 3.1 of [HilObj we adelize Maass-Shimura 771-th derivative S™f, m > 0, to a 
function i„i on G(A) in the following way. Regarding X = ^( | _\) G sl2{C) - a Lie algebra of SL2(C), as 
an invariant differential operator Xg^ on SL2(C) for the variable matrix goo G G(R) (here identifying G{M.) 
with SL2(R) X R^ by the natural isogeny), we set 

Ug) - {~^7T)-"^\det{g)\l"^X^J{g) 

where 500 is infinite part of g G G(A). Then f,„(5oo) = ((5^"/)(5oo(i))j(5oo, i)"''^^", and when det(5oo) = 1 
we have 

(6.1) Ug) = |det(g(-))|^'"<5rf(5) 
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where (5™f : G{Q)\G{A) ^ C is the arithmeticlift of 5^/ asabove, givenby ^^f(au5oo) = (5^/(goo(i))V'(")j(5oo, i)"''"^'' 
for a G G{Q), u E fo(A^) and g^o S GL+(R) (' |HilObj Definition 3.3 and Lemma 3.1). Here g(°°) is finite 
part of g e G(A). The central character of fm is given by il'mi^) = '4'{x)\^\a'^"^ and im{gu) = xjj .^{u)ira{g) 
when u e ro(A^). 

Let /o G S'fc(ro(iV),'!/') be a normahzed Hecke newform of conductor N^, nebentypus -0 and let fo € 
Sk{N,'ijj) be the corresponding adelic form with central character i/j. Let / be a suitable normalized Hecke 
eigen-cusp form that will be explicitly made out of /o in Section [5] such that its arithmetic lift f is in the 
automorphic representation TTf,, generated by the unitarization fp . 

Fix a choice oi zi G R such that i? = Z + Zzi and define p : M ^^ M2 (Q) by a regular representation 

.(o, (-) ^ ("- 

After tensoring with A we get p : M'^XM^ ^ G{Q)\G{A). We fix gi e G(A) such that 51,00(1) = zi and 
det(gi 00) = 1 while the finite places of gi will be specified shortly. 

Lemma 6.1. Let Xm '■ M^\M^ -^ C'-^' be a Hecke character with XmUx = ''/'m"^ ^"^ Xmio-oo) = a^^™- 
T/ien a i— > fm(p(a)gi)xm(a) factors through C\]^j — M^ \M^ / {A^°°')^ M^ (the anticyclotomic idele class 
group). 

Proof. This is Lemma 3.7 of |HilOb| . D 

We denote by CIm = Af ^ \^'^k/ ^^ ^^e idele class group and set 



ix™(f™) •= / im{p{a)gi)xm{a)d'^ a 
Jc\m 

for a choice of Haar measure d^a on M^ /M^ normalized so that /bx d^ a ^ 1. This is the normalization 
used by Hida in Section 2.1 of |HilObj . We also take a fundamental domain $ C M'^/M^ of CIm to 
get a measure on CU/ still denoted by d^a. Thus /gx /^x d^a — l/|i?^| and choosing a complete set of 

representatives {61, . . . , 6h(Af)} C Af^ «» that M^ = |Jj=f ^ ^''^j(^'°°^)''^'^c£ we conclude vol{Chi) = 

In the main Theorem 4.1 of 'HilOb' Hida computed L^^ii^Y by the Rankin-Selberg convolution method 
starting from principle used by Waldspurger in [Waj that the orthogonal similitude group GOd of the norm 
for a quaternion algebra D, in this case D :— M2(Q), is nearly the same as D^ x D^ , and Shimizu's theta lift 
for this orthogonal group realizes the Jacquet-Langlands correspondence. However the heart of the matter in 
his computation is a delicate choice of a Schwartz-Bruhat function on Z?a attaining this optimality of theta 
correspondence (Sections 1.4 and 1.7 of |HilOb| ). This careful choice is motivated by the explicit computation 
of the g-expansion of the theta lift of f to GO_d (A) via "partial Fourier transform" of the Siegel-Weil theta 
series that was performed in Hida's proof of anticyclotomic Main Conjecture for CM fields in jHi06j . It is 
followed by a choice of gi at finite places, yet another subtle maneuver playing the role in the splitting of 
the quaternionic theta series into a product of theta series of M, which in turn comes from splitting the 
quadratic space (Z?, det) = (M^Nm/q) ® (A/, — A^m/q) for the norm form N^/q f |HilOb| Section 2.2). 

Let A'o = Yii ^^'^^^ be the prime factorization and let Nns ~ Ilinon-spiit '"'''■' be its "non-split" part. Let € 
denote the conductor of Xm as above. For the rest of the paper we assume that Xm is unramified outside Nq 
and p and that its conductor at non-split primes l\Nns is precisely l'^'-^' , which we write €n„s = ^ns- As far 
as ramification at p is concerned, we distinguish the following two cases: 

1) Cp — p^ for some s > max(l,ordp(A'o)). 

2) Cp - 1 

We refer to the first one as p-ramified case and to the second one as p-unramified case. To specify gi at 
finite places we introduce some notation following closely Section 4 of |HilOb| . We denote by d(Af) e Z 
{d{M) < 0) the discriminant of M and set do{M) = |d(Af)|/4 if 4|d(Af) while do{M) = \d{M)\ otherwise. 
We divide the set of prime factors of N{€)do{M)No into disjoint union ^ U C as follows. If we are in the 
p-ramified case we set A — {p}, otherwise we set A = (d. Set C — CqUCi where Ci is the set of prime factors 
of do{M) and Cq = Ci U Csp U Cr so that d consists of primes inert in Af , Cr = {2} if ord2((i(Af)) = 2 



with iy{2) > 2 and Cr ^ % otherwise. Then Csp consists of primes spUt in M that are not aheady placed in 
A. Thus, we have three possibiUties for prime p: in the p-ramified case it is placed in set A, whereas in the 
p-unramified case it is placed in set Cgp when p\Nq or is completely out of this consideration when p \ Nq- 

We already made a choice of a prime p over p in M; in the p-ramified case we set A — {p}, and we choose 
a prime [ over each I G Cgp, denoting the set of all these choices by Csp = {l\l € Cgp}- These choices allow 
us to identify Mi = Mj x M[ = Qi x Qi for all I G A\J Csp. (Note that these identifications follow reversed 
notation from the ones in [HilObj due to a reason explained in Remark 16.31 at prime p - we proceed similarly 
at other split primes to keep our notation uniform.) If n and c o ti are projections of Mi to M( and Mj, 
respectively, we can write t;(a) = a and c o t;(a) — a. For I € AU Csp we specify gi^i by first choosing 
hij e G(Zi) so that h^]p{a)hii = (p a)j ^oi example hi^i = (^j^ ^j^ ) will do, and then setting: 

9i.p — hi,p[P„ M if an only ii p G A (i.e. the p-ramified case only), 

5i,i = /iij('''o'?) ioileCsp. 
Unless I = 2 is inert in M, we set 

.gi,, = ('-<"o)for/eauauCi. 

If exceptionally, 2 G C and 2 is inert in M , the appropriate choice of gu for / = 2 is given in Lemma 2.5 
of |HilOb) . We chose gi^oo & G(R) so that 51,00(1) — zi and det(gi,oo) = 1- We set gi^i to be the identity 
matrix in G{Xi) for I ^ AuC U {00} (see the proof of Proposition 2.2 in |IIilOb| ). 

From now on until the proof of Main Theorem at the end of paper we actually assume that we are in 
the p-ramified case. This is technically more demanding case and the p-unramified case will follow as side 
product of its consideration. To summarize, we are working under assumption 

(6.2) ^N„,p — NnsP^ for some s > max(l,ordp(A'o)) . 

Now we are able to make a slight improvement of Lemma |6. II above: 

Lemma 6.2. Let Xm ■ M^\AI^ — )■ C^ be a Hecke character such that its conductor £ satisfies Cn^^p = 
NnsP" and Xm^x = ^p:^^ and Xm(aoo) = a^^"- Then a H' f,„(/9(a)gi)xm(a) factors through Cl^^jiNnsP") = 
Afx\A4V(A(-))xi?^^^^^.M^. 

Proof We know from LemmalOlthat a >-> £,„ (p(a).gi)xm (a) factors through Cl^^ = A/^ \A/^/ (A(°°))xm^. 
Note that Rps = {a e R^\a = amodp''} or in other words Rps = {A'-°"^)^Ups for Ups = {a e R^\a = 
Imodp*}. We have 

<7i:>(«)5i,P = (^; })"'(S S)(^J }) = (;; Y") G ri(p^) for a e Ups . 

It follows that {m{p(a)gi) = tmigiigi^ p{a)gi)) = tmigi) while Xmia) = 1 due to the fact that conductor of 
Xm at p is precisely p*. Thus {„i{p{a)gi)xm{a) = fm(ffi). 

Note that when l\Nns is ramified or inert one can suppose that Mi — Qi[^/do] with R ®i l^i = Z;[Vrfo] 
being Z-adic integer ring of AIi. Taking zi = l/i/do we can realize p{x + y^/d^) = \doy x) ■ Hence for 
a = X + yVdo e (i?/.^(o ^z ^i)^ we have l^'^^^^'y e Z; and consequently 

gllpix + yV^,)gu - ('^ I^UvDi'T ?) = (r(o.„, 'T') ^ ro(r«) for Z|iV„, . 

It follows that fm(/9(a)(7i) = fm{gi{gi^ pio:)gi)) = fm(5i)'0m(a;) if a = x + yy/do = x mod l'^'^^\ On the 
other hand, using that the conductor of Xm at I is precisely l'^^^' we have Xm(ct) = Xm{x) = ipm (^) due 
to the assumption XmUx = '^m^- Thus we conclude {rn{p{a:)gi)xm{a) = fm(gi )■»/'„ (a;)xm (a) = fmigi) as 
desired. D 



Using Lemma 16.21 we immediately conclude that 



W0/(C1m) V^ t \c / / ^ \ _ (pQ[NnsP ) v^ 



(6-3) ix™(fm) = T7;t^777 :TT 2^ Xmiaj){mip{aj)gi) = — ;t > Xm(aj)fm(p(aj)5i) 



where we set h^ = h^{NnsP^) '■= \C\]^.j{NnsP'')\ and {ai, . . . ,a^-} C M^ is a complete representative set so 
that M^ = U^Ii MXa,%^^^.MX . 
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Our next goal is to give an algebro-geometric interpretation of fm {p{o,j )5i ) , for j = 1 , . . . , /i^ , by construct- 
ing CM points on Shimura curve Sh such that values of d™/ at these CM points coincide with im{p{aj)gi) 
after dividing both former and latter with suitable CM periods, that is, in the sense of (|5.ip . 

To this end, recah that Sh{C) = G(Q)\(X x G(A(°°)))/ Z(Q) and write [z,g\ e Sh{C) for the image of 
(z,5) e X X G(A*^°°)). We restrict our attention to points x = [zi,g\ where zi is already chosen generator 



of R used to define regular representation p — p^^ '■ M' 



-^G(Q)by f"fM ^ p.Ao^)'^^ 



Aoo)-, 



Tensoring 



with A''°°'> we may regard pz^ as a representation pz-^ : (M^')^ ^-> G{A^°°^) and further conjugating by g 
we get px : {Mj^')^ ^^ G(A(°°^) given by px = g~^pzi{a)g. To each point {E,r]) G Sh we can associate 
a lattice L — r]^^{T{E)) C (A*^°°^)^ and the level structure 77 is determined by the choice of the basis 
w = (wi, W2) of L over Z. In the view of basis w, the G(A^°°')-action on Sh given by (E, rf) \-^ {E, rj o g) is 
a matrix multiplication w'^ i~> g^^w^ because {jj o g)"^ [T [E)) = g^^ri^^{T{E)) = g~^L, where j stands for 
a transpose. 

Remark 6.3. The action of matrix g~^ records change of the basis vectors themselves, rather than coordi- 
nates with respect to the basis, as this is more natural in the modular point of view. Having this on mind and 
desiring to view modular forms in adelic, algebro-geometric and p-adic phrasing in coherent way, it becomes 



more convenient for us to use identifications R 1 



jz Zp 



i?p © Rp and X{R)[p"] = X(i?)[p"] © X(i?)[p"] 



Z/p"Z © /ip.1 , n > 1, in constructing level structures for our CM points due to the definition of nebentypus. 

The fiber E^ at x e Sh{C) of the universal abelian scheme over Shiq has complex multiplication by 
an order of M, that is, under the action of R via px, g^^R H Q^ is identified with a fractional ideal of an 
order of M prime to p. The level structure r]x = rjz^ o g identifies T{Ex) with g~^R where riz^ is a level 
structure arising from Z-basis (zi, 1) of i? so that [zi, 1] € Sh{C) corresponds to {X{R),t]zi) while x = [zi,g] 
corresponds to {Ex,rix) — {X{R),riz-^ o g) in the moduli interpretation of Sh/Q. 

In particular, for the choice of hi e G(Z) we made, one may assume that the point [zi, hi] corresponds to 
CM point x{R) = (^X (R) , r]^P\R) , rj^*- (R) x 77°'''^(i?)) constructed in Section [5TT] since action of matrices 

in G(Z) preserves R, that is, their only impact on the level structure rjz^ is change of basis of R. It follows 
that the point [zi,hio{P^ \)] corresponds to {X {R) , rj'^P^R) , {r]^\R) x r]°"^{R)) o (p^ })) on 5/i/q where 

we regard ('Jj^ J) as an element of G(A(°°)) being trivial at places outside p. 

RecaU that X{R)[p''] = X{R)[p'] © X(i?)[p"] = Z/p"Z © pps over W. Let Cp= and 7^= be the canonical 
generators of pps and Z/p*Z, respectively, and consider rank p^ finite fiat subgroup scheme C = (O 7ps) 
of X{R)[p''] defined over yV[/^ps]. By repeating the argument of Section [5TT1 we get that X{R)/C = X{a) 
where a is a proper i?ps-ideal such that aR = p^'^R. The quotient map tt : X{R) -» X{R)/C is etale and we 
have a commutative diagram with exact rows 

G 





and a resulting CM point 



-^ /Xpo. 



Pp. 



-^ X{R)[p° 



X{a)[p° 






-> 



-^ 



xia) = {Xia),v^PHa),4\a) X T^^J'^ia) 



/Wlpp 



on Sh, equipped with an invariant differential cxj{a) on ^(a). 

If {wi,W2) is the Z-basis of R giving rise to the level structure ri{R) = (?7(p'(_R), 77°'(i?) x rip'"^{R)) ap- 
pearing in x{R) then we can identify 7ps(C) with ^ and Cp=(C) with ^ thus identifying G(C) with 



V p' 



ZW2 



/O 



Zwi + 'Ew2 ) . It follows that making quotient tt : x{R) — > a;(o) is tantamount to 



moving x{R) on Sh by G(A(°°))-action of (^J H. Indeed, the Z-basis {'Wi,W2) of R is being sent to 
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^ wi ■W2 ^yrj^y ^ ( 'o 1 ) (^11^2)^- Moie generally, making quotient of X{R) by a rank p'^ finite flat sub- 
group scheme C„ = (Cj7="7p=) of X{R), for 1 < -u < p"* — f such that gcd(u,p) = 1, is tantamount to moving 
x{R) on Sh by G'(A(°°^)-action of (^„ "). This fact is nothing but dictionary between algebro-geometric and 
adelic phrasing of Hecke relation among CM points on Shimura curve Sh. What underlies such interpretation 
is Deligne's treatment of Sh explained at the end of Section |4l 

Note that in the context of the above argument cases 1 and 2 in the Deligne's treatment of Sh/Q amount 
to the same one because etale quotient of X{R)/y^, by a rank p'^ finite flat subgroup scheme C is at the same 
time etale covering of an elliptic curve isogenous to X(i?) /yy via multiplication- by-p'' map and thus both 
cases yield the same point on Sh/q. 

To summarize, [zi,/ii(^J {)] corresponds to {X {R) , tj'^p^R) , {Tjp{R) x 'n°''^{Rj) o (pJ })) on Sh which in 
turn can be viewed as [X (a) , rj'^P^a) , rjp^ {a) x Vp'^'^i'^)) /wt ,i ^^^ ^ certain proper i?ps-ideal a such that 
aR = p-^R. 

Had we allowed a choice of subgroup scheme C — X{R)[p''] in the consideration above, we would obtain 
X{R)/C = X(p~*i?) whose corresponding CM point x(p~*i?) on Sh is related to x{R) via G'(A(°°))-action 
of (^Q^ ")• On the other hand, for C ~ X[R)\^''\ we have X{R)/C = X{p~'^R) whose corresponding 
CM point a;(p"''i?) on Sh is related to x{R) via G(A(°°))-action of (o„° )• These two facts are known as 
Shimura's reciprocity law (ACM 26.8 and IHilOa] Section 3.2) and we may conventionally refer to maps that 
send x{R) i— ?> a;(p~*i?) and x{R) H> x{p^'^R) on Shimura curve Sh, as Verschiebung and Frobenius maps, 
respectively, even though we consider them when the characteristic of base ring is not p. This concludes 
aforementioned dictionary between algebro-geometric and adelic phrasing of Hecke relation among CM points 
on Shimura curve Sh. 

The very same reasoning combined with Deligne's treatment of Sh/q implies that G'(A(°°))-action of 
('"p' o), for split / e Csp, on (X (a), 77(^^(0), 77°* (a) x ?7™'^(tt)) ,yyr , wiU move this point on Sh to another 
(X(b),?7'^P)(b),7yp*(b) x ?y™'^(E'))/yyr 1 for a certain proper i?ps-ideal b whose class in Cl^^(p'') is possibly 
different from the one of 0. The fact that action of (''^g'' 0), for a split I e Csp, on 

X(a),ry(p)(a),<(a)x,7-'^(a)) 

J /Willis] 

will not impact the conductor of associated lattice is encoded in Deligne's treatment in the sense that diagonal 
matrix ( '"g'' ) commutes with p{R) since we reahzed p(a) = ( q " ) for a G i? (S)z Z; = Rj (S Ri = Zi (B Zi, 

and consequently Z-lattice ('"q' 9) ^ is still stable under R, so that (''g' 9) i? n Q'^ is a Z-lattice still 
stable under R. 

However, for a ramified or inert prime l\Nns, the matrix ('" 0) does not commute with p{R) since we 
realized p{x + y\f(h) = (J^yx) for a; + y Vdo G {R®z'^i)^ and the action of ( '"*" ) changes the conductor 
of associated lattice in 

(x(b),r^(P)(b),<(b)xr;-'i(b)) , 

namely, ( ^"^^ ) i? n Q^ is a lattice that is a proper i?;,y(i) -ideal of i?, hence this action will move 

X(b),7?(P)(b),<(b)x,y-<i(b)) 

to some (X(c), ri^P^{c), ?/p'(c) x ?]p'^(c)) , , , for certain proper _R;,.(i)ps-ideal c. This means that ultimately 

[zi,g[°°'] corresponds to point (^X (d) , ri^P\d) , ri°^ (T)) x '/"'^(5)) ,^r , on Sh for certain proper i?Ar^^ps -ideal 

D. That being said, we can choose cri e Gal(W^[/Xpa]/PF) such that X{d)'^^ — X{R]y^^pB) and replace 
the embedding ip : Q ^->- Cp we fixed in the introduction, with tp o ai. This allows us to assume that 
[zi,gi] corresponds to point {X{RN^,p^),'n'^PHRN„,p''),'np{RN„,p'') x »7p'''*(i?iv„,pO)/wr ,1 on Sh. Indeed, 
replacing Lp with Lp o ai is tantamount to replacing X{R), Zi and Ci = (Cpi 7ps) with X{R'^'^), (Ti{zi) and 
C^^ = (ci(CpO^^'''i(7pO)j respectively, in the above argument. 

Set rj = {■q'^P^ , rjp^ x 77™'*) and let Oi, . . . , O/j- be the complete set of representatives of proper i?Ar^^ps -ideal 
classes in C\J,f{NnsP'^) so that a^ — ajRN^^p^ for j = 1, . . . , h' . Note that our definition of p : (Af^°° )^ ^^■ 

15 



G{A^°°^) can be conveyed in the following commutative diagram for a e {Mj^')^: 

T{X{aR)) ^~^^— T{X{R)) 

ri{aR) S^ ri{R) 

an i R 

so that 'ri{aR) o p(a) — rj{R) and consequently x{aR) = x{R) o p[a)^^ . In particular, when a E R^ , p{a) 
fixes point x{R) on Sh. Similarly, commutative diagrams 

r(X(a,)) ^-^^ T{X{Rn„,p^)) 



'- V(<^3 



ViRNnsv' 






tell us that rj^Uj) o p{aj) — ??(i?jv„spO whence x{aj) = x{Rn„^p^) ° p{aj ). We may choose representatives 
ai, . . . , a/i- such that ajj = 1 at finite set of primes l\NnsP so that p{aj ) commutes with gi. 
In conclusion, the points [zi,p{aj )gi ] in Sh{C) correspond to 



x{a,) = (X(a,),r;(^)(a,),<(a,) x v°;'ic^,)) 



/Wlt^p 



on Sh/Q. 

Thus we have 



'PqiNnsP'') 



2^MiNnsP') 



^|det(g(°°))|^"f]xm(a7^)|det(p(a7i))|--j™f(p(a7i)g,) 

= jXffi,oo,i)"'="'™|det(g(°°))ir^X™(a-^)(|det(p(a7i))|-'"(5™/)[zi,p(a7i)g(= 

= j(ffi,oo,i)-'="'™|det(g(^))|^™^X™(a7^)(|a-^lMr('5r/)(^(a,),^oo(a,))) 

(6.4) = j(ffi,oo,i)-'=''"|det(5^°°))|^™5] (x™(a-i)|a,|r/J (C/)(x(a,),a^oo(a,)) 

Let 21 be a proper i?Ar_-ideal. Note that X(2l)[p"] = X(2l)[p"] ©X(2t)[p"] = Z/p"Z©/ip™ over W for all 
n > 1. Clearly, in the above argument of determining Hecke orbit of x{R) on Sh one can replace X{R) by 
X(2l) and fixed s by arbitrary n > 1 and the argument is still valid. We summarize this for future reference 
in the following 

Proposition 6.4. Let C C X(2l)[p"] be a rank p" finite flat subgroup scheme of X {'Ql)[p"-] Stale overW[ppr>] 
that is etale locally isomorphic to Ijjp^TL after faithfully flat extension of scalars, n>\. Then 

(Frob) IfC^ ^(21) [p"] = Ppr. then .x(2l)/C = a;(2l) 0(1^°.)= a;(p-"2l) 
(Ver) (1) //C = X(2l)[p"] then .x(2l)/C = x{%) o (p^" o) = a;(p-"2l) 

(2) IfC = {(p^ip^) for some l<u< p"-l such thatgcd{u,p) = 1, thenx{^)/C = x{'Qi)o(P^ «) = 
a;(Ou) for a proper Rj^^^pn-ideal a„ such that UuRn^^ — P "2li?Ar„^. 
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7. Serre-Tate deformation space 

We recall some basic facts from deformation theory of elliptic curves over complete local W-algebras whose 
residue field is Fp. Denote by CL/^^ the category of such algebras. We follow Katz's exposition [Ka78) . Fix 

a proper i?jv„^ -ideal 21 prime to p and consider x(2l) G Sh. The Serre-Tate deformation space S represents 
the functor V : CL/w -> SETS given by 

V{A) = {E,a\E ®a Fp - X(2l)/tJ/s . 

If Sfi^^w is formal completion of Sh'^J'-^ along x = {X{%),4-P\%)) e Sh^P\¥j,), then by universality of 

Shimura curve Sh^'^^ we have Sh^i-^ = S/y^. Indeed, Sh^ classifies {E,ri^^')/A with {E,r]^^') (g)^ Fp = 
(X (21), 77'^''^ (21)) and since E[N] for N prime to p is etale over Spec{A) the level structure 77(^^(21) at the 
special fiber extends uniquely to 77^ on E/j^. On the other hand, Serre-Tate deformation theory yields 

canonical isomorphism S/\y = Qj^/w Indeed, E/j^ £ V{A) is determined by extension class of connected 
component-etale quotient exact sequence of Barsotti-Tate groups 

(7.1) — ^ E[p°°]° -^ E[p°^] -^ E[p°°Y* —^ 

and by a theorem of Serre and Tate (Theorem 2.3 in [HilOa] ) such an extension class over A is classified by 

Rom{E[p°°]%,E[p°°]J^) ^ Hom(Qp/Zp/^,/ip»/^) - ^Mp.(A) = G^{A) . 

n 

In order to make this identification, we used fixed T}p^^{'Qi) : //p^o ^ X{^)[p^]° and its Cartier dual inverse 

Note that in the preceding argument we could think of deformation of (X(2l), ry'^''^ (21), 77!;' (21) x ?7p"^(2l)) ,^ 
since for every complete local algebra A € CL/iy and every deformation E/j^ of X(2t), E[p°°]'^* is etale over 
Spec{A) and the deformation is insensitive of p-part rjp = rf^ x r;™'^ of the full level structure ry = 77^^^ x ?7p. 
We briefly explain this point. Let (£,77^) be the universal pair over Sh^P\ The Igusa tower over Sh^J^ is 
defined by 

Ig := ^Isomgp_sch(/ip"/s;>(p),E[p"']/s/,(p)) 

n 

If \/(p) is geometrically irreducible component of Sh^^' containing point a;(2l) then we write Ig/v(p) for the 

pull-back of the Igusa tower to V/=' . The scheme Ig is etale faithfully flat over the ordinary locus of V/=' 

/^p /^p 

and the p-ordinary level structure 77™'^ (21) deflnes a point x on Igiy{p). Moreover the theorem of Serre and 
Tate canonically identifies Serre-Tate deformation space S /w = Gm/w to the formal completion Ig at x via 
77-d(2l). 

Let t be the canonical coordinate of Serre-Tate deformation space S so that 

S^G,n = Spf{\imW[t, t-^]/{t ~ 1)") = Spf{W[[T]]) {T^t-l). 

n 

Note that since we used fixed 77°'^^ (2t) : /ipoo 9^ X(2l)[p°°]° and ?7;*(2l) : Qp/Zp ^ X(2l)[p°°]'^* to identify 

S' = Gm, Serre-Tate coordinate t = t% depends on the point a;(2t) G Sh. We adopt convention to write 
t for iai where 2t is the proper i?7v„, -ideal fixed throughout this section and that considering Serre-Tate 
coordinate with respect to origin other than x(2l) will be emphasized by adding appropriate subscript to t. 
Let {£, rf) be universal deformation of X(2l) over S = G„i. For each p-adic modular form / G V{N\ W) 
we call the expansion 

/(i) :=/(£, ,7) ei^[[r]] {T = t-l) 

a i-expansion of / with respect to Serre-Tate coordinate around a;(2t). We have the following t-expansion 
principle 

(t-exp) The i-expansion: / 1— > /(i) G W^[[T]] determines / uniquely. 
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A key fact is that by its construction ([Ka78] 4.3.1) Katz p-adic differential operator is S'-invariant and 
canonical Serre-Tate coordinate t is normalized so that 

<"> '-'Tt^ 

Note that the i-expansion of / with respect to Serre-Tate coordinate t around point a;(2t) can be computed 
as Taylor expansion of / with respect to variable T by applying -^ and evaluating result at x{Wi) (see (4.6) 
of IHilOap . 

For any deformation {X{E),ri(v\E),rif{E) x ril'^{E)) ^^ of {X{%),T]^P\%),'qf{%) x ril'^{%)) ^^ where 

A g CL/y/, we can compute the assigned value of Serre-Tate coordinate t{E/ji) G <Grn{A) in the following 
way (Sections 2.1-2.3 of [HilOaj ). Since any object in CL/yr is a projective limit of artinian objects, we first 
assume that A is an artinian object in CL/w Using r]°'"^{E) : /ip=o ^ E[p^]° and r]°\E) : Qp/Zp ^ ^[p°°]<^*, 
the connected component-etale quotient exact sequence of Barsotti-Tate groups (j7.1|) becomes 



Mp» ^ E[p^] ^ Qp/Z, 



•p 



Note that E°{A) is killed by p"° for sufficiently large np due to Drinfeld's theorem in deformation theory 
(Theorem 2.1 in [ HilOaj l. Starting from y S E{¥p) we can always lift it to y G E{A) because of smoothness 
of E/A and the lift y is determined modulo Ker(i?(A) — >■ E{¥p)) = E° which is a subgroup of E\p^] if 
n > riQ. Thus p"y S E°{A) is uniquely determined by y G E{¥p) and if y G -B[p"] then p"y G £'°(A) 
yielding a homomorphism "p"" : E[p^]{¥p) — ^ £^°(A), via y i— >■ p^y, called Drinfeld lift of multiplication by 
p" r |Ka78| Lemma 1.1.2). Taking 1 G Zp ^ TiSlp/Zp) and viewing it as 1 = lim 4r for 4r e Qp/Zp[p"], 
the value "p""«^~^(4r) G ^pr^[A) becomes stationary if n > no and we have 

u^n55 ■* — 1 ' 



t{E/A) = hm V"4" — ) e lim/ip"(^) = Gra{A) . 

n \^ / n 

If an object A G CL/vf is not artinian and _E is a deformation over A, writing A = lim„ B for artinian 
B, we define i(-E/^) = lim^ t(S x^ B/b)- Note that ^(E'/a) = qs/Ai^A) where gB/A(-,-) : T-E[p°°]'^* x 
T-E[p°°]"^* ^ Gm(A) is a bilinear form in Section 2 of [Ka78) that corresponds to deformation E/j^, in 
establishing rcprcsentability of deformation functor V by formal torus Hom^ (T£'[p°°]^* x TE[p°°]^*,Gm)- 
By definition, t(X(2l)) = 1 because the connected component-etale quotient exact sequence oi X {'Qi)[p°°] 
splits over W by complex multiplication and the existence of section S^ 

^Atp~^^X(2l)b; 

allows us to verify 

u^nii ■*— 1 ' ^ \ -- ^ ^^ / r 




t{xm = ^ v"'^r^ Hr = ^^p"^ - = ^im 1 = 1 . 

We also have ^(5) = t by definition and the pair {E^r])/^ is the fiber of universal {S^r]) at a point t{E) G 

^m{A). 

For every s > 1 there is a bijective correspondence: 

{rankp^ etale subgroup schemes C of 5[p*] over VF[t, t~i][ti/P°,yUp»]} 

(7.3) t 

{rank p" etale subgroup schemes C of X(2t)[p*] over W[/ips]} 
given by 

C^^C = Cx£[p.]X(2l)[p°°]. 

RecaU that X{^)[p'] = X(2l)[p"] ® X(2l)[p*] = Z/p'Z ® /ip. over W. The effect of Frobenius map on the 
Serre-Tate coordinate is given by the following 



Lemma 7.1. IfC C ^[p*] is rankp" finite flat subgroup scheme etale overW[t,t i][fi/P° , /Xps] corresponding 
toC ^ lips in (Zg), then t{£/C) = t^' . 

Proof. We have a commutative diagram, with exact rows 

C 



flpc 



-^ £[p°°] 



['' b 



-> Mpo. ^^^ £/C[p° 



-> Qp/Z; 



pi l^p 



Ipl lUp 



-^ 



-¥ 



from which we read 



i = hm V'i*-! ( ^ 



t(£/c) = iimV"*;7c^(-Jr 

n \^ 

and t[eiC) = iP" 

On the other hand, the effect of Verschiebung map is given by the following 



D 



Lemma 7.2. IfC C S\jf\ is rankp'^ finite flat subgroup scheme Stale overW[t,t i][<i/p°, /ips] corresponding 
to cyclic C with C C\ ^p^ = {0} in l{7.3\ ), then t{£/CY — t- More precisely, if C ^ (Cp="7p=); then 
tiS/C) = Qst^^p\ 

Proof We have a commutative diagram with exact rows 

C 



> ftpc 



-> £[p°°] 



-> Qp/ 



pi u^p 



-> 



Then 



from which we read 



> iJLp^ ^^^ E/C[p°^] ^^^ ^pjTLp > 



t{EIC) = ^ V"^;7c^ (^) = ^ V"*r' (^ 



t{EicY^ = (^"p""*r^ 



n-\-s I I <= — -^ ^ \ r)^ I ■^ 



= i 



We choose a p^-th root t^/P^ so that t{£/C) = t^/P^ when C corresponds to X(2l)[p*] in (fT^ . 

If C corresponds to C = (Cp-^^p") in (|7.3p . then specializing at the fiber at i = 1, we can read off which 
exact p'^-th root of t is t{£/C). The above commutative diagram at the fiber at t = 1 is 

C 



■ fJ'p'^ 



X{Qi)[p° 



'a 



■ Mp° 



*x(a)/c 



xm/c[p° 
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.y 

*x(a)/c 



■ Qp/Zp 

Qp/Zp 



-^0 



-^0 



h- 



By Shimura's reciprocity law, the Verschiebung map moves the origin x(2l) of the Serre-Tate deformation 
space to a:(p~*2l) and we conclude 

This concludes the proof of the lemma. D 

Specializing the last two lemmas at the fiber at t = 1 and combining them with Proposition l6.4l we obtain 

Proposition 7.3. Let C C X(2l)[p"] be a rankp"^ finite flat subgroup scheme of X {Wi)[p"] etale over Wljip-n] 
that is etale locally isomorphic to Z/j)"Z after faithfully flat extension of scalar s, n>l. Then 

(Frob) ip-„2i = i^" 
(Ver) (1) i,-.2; = 4^'" 

(2) If C ~ (Cp"'7p") /o?^ some 1 < u < p" — 1 such that gcd{u,p) = 1, then tp-r^<^{X{au)) — Cp" 
where o„ is a proper Rpf^^pn -ideal such that x(2l)/C = x{'Qi) o (^q ^) = a;(ati) and a„i?Ar^^ = 

The point here is that by Shimura's reciprocity law, Frobenius and Verschiebung maps move the origin 
x{'Qi) of the Serre-Tate deformation space to x(p~"2t) and a;(p~"2l), respectively. 

8. Measure associated to a Hecke eigen-cusp form 

We recall notation from SectionlHl Let /o G Sk(rQ{NQ),ip) be a normalized Hecke newform of conductor 
Nq, nebentypus ip and let fo be the corresponding adelic form with central character ■»/>. Let / be a suitable 
normalized Hecke eigen-cusp form that will be explicitly made out of /o in Section |9] such that its arithmetic 
lift f is in the automorphic representation 7rf„ generated by the unitarization fg. Following Katz, we construct 
a VF- valued measure dfif on C\]^j{NnsP°°) interpolating values of / at CM points we constructed in Section 
15.11 and whose behavior under Hecke action is studied in Section [51 

8.1. Interlude on p-adic measures on Zp. We recall some basic facts from the theory of p-adic measures 
on Zp ( [LFEj Section 3.5). For a p-adic measure /i on Zp having values in W we can define corresponding 
formal power series ^^(i) by 



%it)=f: if 

n=0 \"'^p 



^jdMx) T" {T = t 



Essentially by Mahler's theorem, the measure /i is determined by the formal power series ^^(t) and /i i— > $^ 
induces an isomorphism ^(Zp; W) = W^[[T]] between space ^(Zp; W) of all W^-valued measures on Zp and 
ring of formal power series W^[[T]]. It is then easy to verify that 

x"'dp^(t—\ $^|f=i foranm>0. 

The space of measures ^^{Zp;W) is naturally a module over the ring ^(TLp\W) of continuous W^-valued 
functions on Zp in the following way: for (\) S "^(Zp; W) and /i G ^(Zp; W) 



Lpd{<f>ii) = \ ^}{x)4>[x)dy.{x) for ah 99 e <^(Zp; W) . 
Jzp 

In particular, if </> € "^(Zp; W) is a locally constant function factoring through Zp/p^'Zp, we have 
(8.1) $^^ = [^]$^ where [^]$^(i)=p-" ^ 0(6) ^ r^$^(a) 

6eZ/p"Z C6Mp" 
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and 

(8.2) ^ ^{x)x^^d^l{x) = [t^^ ([0]$^)k=i . 

8.2. Construction of measure. Let 21 be a proper i?jv„3-ideal prime to p. Classical modular forms are 
defined over a number field, so we may assume that / is defined over a localization V of a ring of integers of 
a certain number field. We take a finite extension of W generated by V and, abusing the symbol, we keep 
denoting it W . Then ((i'"/)(a;(2l),ci;p(2l)) €W hy rationality result of Katz. We define a M^-valued measure 
d/i/,2i on Zp by 

''\d^lfs^{x) - Q/(a;(2t),c^p(2l)) for alln > 0. 

Then clearly 

x"d/i = (d"7)(a;(2l), Wp(2l)) for allm > . 

We make an observation in the form of the following 
Proposition 8.1. $p, ^ [t) is the t-expansion of f with respect to Serre-Tate coordinate t around point a;(2l). 

Proof. One can easily verify elementary identity (*^) — ^^ ( jLFEj Lemma 3.4. f on page 80). The 
proposition then follows from (|7.2p and the fact that t{X{^)) = 1. Indeed, if T = t — I, we have 



ri=0 ■ n=0 ^ ^ n=0 




/(a;(2l),c^p(2l))T" = ^^ ( / ( ^ jd^^/.a I T" = $^,,,(t). 



For a e GLtfM) we define 



^2 



J\ka = dei{af/'^f{a{z)){cz + d)-^ 

Note that operator \k depends on the weight of the form, but since the weight will always be clear from the 
context we shall write it as |. 

Note that for our purpose it suffices to work over Igusa tower Ig]^{p) over D}1{Ti{N'^p^)), where N^p^ is 
prime-to-p level. Thus, in characteristic 0, the modular form is on ^(Ti^N^P^p^)) for some r > 0. We are 
now ready to prove the following 

Lemma 8.2. For all n > 1 and every I < u < p" — I such that gcd{u,p) — 1, we have: 

(1) ^fj,f QiiCp^t) is t-expansion o//|(^ ^"'^ ") with respect to Serre-Tate coordinate t around x('Qi). 

(2) $^,,,.(Cp^Olt=i = f{x{au),cOp{au)) where x(a„) = x{Ql) o (J"";") on ^/i/fiC^^V) and a„ is a 
proper Rn^sp"- -ideal such that a„i?Ar^^ = 2li?Ar„^ . 

Proof. Each point x in the infinitesimal neighborhood of a CM point a;(2t) in the Igusa tower Igj^(p) over 
DJl{Ti{N^P^)) is determined by two data: the Serre-Tate coordinate t{x) = tt^ and the prime-to-p level 
structure rj^P\%) depending on the center point x(2l). The action of g G G'(A(°°^) has two aspects, one is 
moving the Serre-Tate coordinate t, and another is action on the level structure given hy r] i-^ rj o g. Note 
that if ^p — I, i.e. g € G(A(''°°'), then g preserves t (as the coordinate of Gm) but possibly moves a;(2l) to a 
different point on Sh. 

Let p be global p = {p,. . . ,p) e Q^ C A^ and write Pp for local Pp = (1, . . . , 1,P, 1, . . . , 1) G Q^ C A^ . 
We view u G Zp as an element of A^ being nontrivial at p and having zeros outside p (i.e. u; = if 

I y^ p). Consider the action on the Serre-Tate deformation space Sx(<^) of x{'Qi), which is the infinitesimal 
neighborhood of a;(2l) in the Igusa tower Igj^(p), of the following product 

(8-3) (jp^o(^Tr) = (^;p^)(j-r)- 

The effect on the Serre-Tate coordinate t can be read off from the left hand side and is precisely t i— >■ (^^t 
by Proposition 17.31 Note that the central element p" e Z{Q) on the right hand side fixes 5*^. point by point, 
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and the unipotent [^ "p " ) fixing 77°'''^ (21) preserves S'a;(a) as a whole space, even though it moves points 
within it. That being said, the passage of Serre-Tate coordinate from t to Cp^i is solely caused by ( j'^ "p " ). 
Let X = {X, ri'''P\rf^ x r]™'^) be a general test object that gives rise to a point in the ordinary locus of Sh^ 
and let ajp(x) be the invariant differential induced by r;™*^ as in Section [521 It follows that ^fj-f •niCp^t) is 
i-expansion around a;(2l) of the p-adic modular form given by 

/':x.^/((x,Wp(x))o(i«p;")) 

In order to complete the proof of (1), we are left to prove a subtle point that this p-adic modular form is 
nothing but /|( J "^j^" )~^ Let u be global u = (u, . . . ,m) e Q"" C A^. If we set a = ( J "p"" ) e G(Q) C 
G(A) then the crux of the proof is the following identity that holds for all m > 0: 

(8.4) S^fiix,u;^ix))oap)^S^if\a^')ix,u;oo{x)). 

To verify it, recall that if x G Sh corresponds to [zj^*^""'] in Sh{C), for some z & X and g^°°^ e G(A(°°^), 
then by definition 

S;^fix,u^{x)) = 5^\fi[z,g'^^^]) = <5rf(ff)j(Soo,i)'=+'" 
where goo G G(M) is such that 500 (i) = z and g = g^°"'goo- Since in characteristic the modular form / is 
on 9Jt(ri(iV(P^p'')), we only need to check identity over Sh/Ti{N'^P'>p^); so without loss of generality we may 
assume that g'^°°^ = 1. 

5r/((a;, Woo(x)) o ap) = 5™/([z, 1] o a,) = <5™/([z,aJ) 
= 5rfK3oo)j(.9oo,i)'=+'" 
= ^rf [a{a^^^^)-^a-jgj) j(5oo, i) '=+''" 
^5l^i{a-Jg^)J{g^^f+^"^ 
= STf{a^'9oo{i))j{a^'goo, i)-'=-^™j-(5oo, i)'+''" 

= {S",^f)\a^'{z) = S^\f\a^'){[z,l]) 

= 5^-{f\a^')ix,LoUx)) 

as desired. Here we used a general fact {6™f)\a^ — (5™(/|a^^) and an obvious fact that for this particular 
a we have (a(P°°)) e fi(iV(p)p''). 

By the Katz-Shimura rationality result (j5.ip we have 

d"^f'ix,ujpix)) _ d^fiix,cOp{x))oap) _ S]^f{{x,u:^{x))oaj,) _ S^{f\a^^){x,u:^ix)) _ d"-{f\a^^)ix,u:p{x)) 

•\k--\-2m (-)k-\-2m (-)k-\-2m (-)k-\-2m (-)k-\-27n 

which yields 



Q/c-fz?7i r^k-\-2m r^k-\-27n r^k-'r2m qA: 



d"'f{x,ujp{x)) = d'^ifla^^) for all m > . 

This implies that /' and f\a^ have the same t-expansion (see statement (4.6) in jHilOaj ) and by the 
i-expansion principle we conclude /' — f\a^ as desired. 

To prove (2), we first note that the action of (pJ' !,") and (^ ") are identical on »l(ri(7V(p)p'')) due to 
coset identity 

(?; -)fi(iv(V) = (f ;')ri(iv(V) 

that holds for any r > 0. 

By using Proposition 16.41 we can track down the effect of the action of the left hand side of (|8.3p 
on a;(2l). Regarding the matrix (l^), note that (l ^) sends a;(2l) = (X (21), 7^(21)) to a;(p-"2t) = 
(X(p-"2l),r/(p-"2l)), which is then further moved by (J (p~°(P) ) G G(Z(p)) to some (X(p-"2l), ?/(p-"2l)). 
Dealing with the Igusa tower Igj^(pi over WI{N^p'>), we can switch from global (^ ^) to local (''i' ?) as 
explained above, and the Proposition 16.41 yields that the action of (^p ") sends (X(p^"2l),?7'(p~"2l)) to 
some x{au) = (X(a„),?7(o„)) on Sh/Ti{N^P^p^) as desired. D 



Recall that for any function (j) : Z/p"Z — > C, we define its Fourier transform (j>* : Z/p"Z — > C^ by 
(j>*{x) = J2uez/p"Z 4>{u)e(xu/p"'), where e(.T) = cxp(27ria;). The twist of / by </> is given by 

m=p- Y. '^*(-")/i(oV) 

and is a Hecke eigen-cusp form in SkiXoiNp^"^), ip(j)^) whose g-expansion is given by 

where q = exp(27riz). 

We now prove the key proposition. 

Proposition 8.3. For any function (f> : Z/p"Z — > C, n > 1, we have 

where 4>^ : TLj-p^TL -^ C is defined by (j)~{x) := (j){—x). In particular, if (j){Z/p^^'Z)^ —> C is a primitive 
Dirichlet character of conductor p"" , and we extend <j) and (p~^ to be outside (Z/p"Z)^, we have 

^(a;)x"dM/,a(x) = G(0) ^ r'(-«)d"7(2:(a«), Wp(a„)) 

u£(Z/p"Z)x 

where G{(j)) is the Gauss sum and o„ 's for u G {TLlp^TL) ^ are proper Rn„sP^ -ideals as in part (2) of Lemma 



Proof. From ()8.ip we have 

fceZ/jj"Z u&Ljp^TL 

and by Proposition 18. 11 Lemma 18.21 and i-expansion principle it follows that [(/']$^, ,, is i-expansion of 

p"" E ^w E c,""'"/i(j-r") 

bez/p^z «gz/p"Z 

with respect to Serre-Tate coordinate t around a;(2l). By g-expansion principle, this cusp form is nothing 
but 

p-" E ^w E Cp-^(E«0'/)'^Mi(r"r) 

bez/p^z «ez/p"Z y>i / 

= E«(j' /)<?'■ E ^w(p"" E c;-'^'^" 

j>i fcez/p"Z \ mgz/p'»z 

= E°(j'/)'?''^(--?') 
= /ir . 



Another application of Proposition 18.11 now proves the first assertion. 
Using Lemma 18.21 and (|8.ip we have 

(M<&M/,JI*=i=P"" E •^(^) E Cp~^/(a;(a«),c.p(a.)) 
bez/p"Z uGZ/p"Z 

= E (p"" E 0(fc)Cp-;^|/(^K),^p(a„)) 

tiez/p"Z \ 6ez/p"Z / 

= E '/'*(-'")/(2;(a„),Wp(a„)) 
uez/p"Z 
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E 



= G((/)) V (j) ^(-u)/(x(a„),a;p(o„)) 



To establish the last equality we used a well known fact that for a primitive character (j) we have (p* ~ 
4)^^G{(j)) { |LFEj Lemma 2.3.2 on page 45). The second assertion now follows from (|7.2p and (|8.2p . D 

This key proposition immediately yields a very useful 

Corollary 8.4. // the Fourier coefficients of f are supported on integers j that are prime to p, the measure 
d/i/,a is supported on Z^ . 

Proof. This fact is furnished by taking <j) to be characteristic function of Z^ in the first part of Proposition 

Set 

/(^)= Y, a{jJ)qK 

gcd(j",p) = l 

Let Up, Vp and Tp be standard Hecke operators acting on classical and p-adic modular forms. The effect of 
Up and Vp on g-expansion of a modular form / is given by 

f\Up = Y. <^p^ /)«' a^d f\Vp = Y. «(^' z)?'" 

and we have 

It is easy to verify that 

(8.5) /(P) = /l(l - UpVp) = /|(1 - TpVp + yjipjp'-'Vp') . 

Let {2li, . . . , 2t/f- } be a complete set of representatives for Cl^(-/V„s) and let 01 j = AjRjy^^ for Aj G M^ , 
j — 1, . . . , H^ . We may assume that Aj^p = 1 for all j = 1, . . . , H~ . An explicit coset decomposition 

(8.6) Cl^,(iV„,p°°) = y 2l-iZp^ 

allows us to construct a M^- valued measure d/i/ on Cl^^(A'^,isP°°) by constructing H^ distinct M^- valued 
measures dfij on Z^ so that for every continuous function ^ : C\^,j{NnsP°") ^ W we have 



f ^d^,f^Y f mj'^WA^) 



Fix once for all an arithmetic Hecke character A : M^\A/^ — > C^ so that A(aoo) = a^ and A|ax = ip ^ , 
where t/; = ^/ij • |^ is a central character of f . Due to criticality assumption A|ax — ip" , the conductor of A 
is not independent of the conductor c(^) of nebentypus ^. Thus we give the following 

Recipe for a choice of A. Note that regardless of the choice of A we have: 

• at primes I f c(V') Hecke character A is unramified and 

• at non-split primes 1\c{iIj) the conductor of Xi divides P'''1h'=('^)) hence does not exceed F^^\ 
However, if a split prime l\c{tl)) we make a very subtle choice as follows. Note that M^ — Mj x M^ = 
Q^ X Q^ and consequently A; = XjXi. Then 

• at split primes l\c{ip) we choose A; so that its conductor is supported at I, that is, we choose Xj to be 
unramified and A[ to have conductor l°'^'^dcm) _ 

We take a finite extension of W obtained by adjoining values of arithmetic Hecke character A and, abusing 
the symbol, we keep denoting it W. Let A : M^\M^ — > W^ defined by X{x) ~ X{x)Xp be the p-adic avatar 
of A. Then VF-valued measures dfij are given by 

d/ij = A(2t~^)d/x^(p) 21^ for j = 1, . . . , H~ . 
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We emphasize that important point here is that measures dfif(p-)<^. are indeed supported on Z^ due to 
CoroUarv l8.4l Note that since Aj^p = 1 we actually have A (21^^) ~ A (21^^). 

8.3. p-adic interpolation. Let (p : M^\M^ -^ C^ be an anticyclotomic arithmetic Hecke character such 
that ip{aoo) ~ loo "^ for some m > and of conductor Nnsp'^ where s > max(l,ordp(A'o)) is an arbitrary 
integer. Let (p : AI^\M^ -^ C^ defined by (^(a:) = ip{x)xp ~ be its p-adic avatar. Recall that (i?(8)zZp)^ = 
R^ ® Rp = Z^ © Z^ and if CIm = M"" \M^ / M^ is the idele class group, the projection pr : C\m -^ 
Cl'^{NnsP°°) at p-th place is given by pr^ : Xp t-^ x^"'^- Thus, in the view of coset decomposition (18. 6p . 
(^I^x (z) = (pp(z)z"^ for z — x}^~'^ where (pp = ippO pr is a primitive Dirchlet character of conductor p*. 
The Mazur-Mellin transform of measure d/i/ given by 

^{f,0^ f ^dfif, ^eHom,„„,(Cl^,(7V„,p°°),W^x), 

is a p-adic analytic Iwasawa function on the p-adic Lie group lioincont{G\]^,j{NnsP°°), W^) and for the p-adic 
avatar ip we have: 

^if,^) _ 1 f ^ , 

r,k+2m ~ r,k+2m / f'^t^f 

"p "p JCl^j(JV,„p°=) 

H 






ofc+2 

"P 3 = 1 

1 " 



"p 1 = 1 "'Zp 



3 = i 



fe+2™ ^^(2l7')^(^7') L ^p(^)^"'dA^/(p),2i,(2) 



(8.7) = SME^(217')^(217') E ^7'(-^)(rf'"/^''^)(^K«),^p(a„0) 



Since the measures d/if(p)_2i are supported on Z^ due to Corollarv l8.4l we can use Proposition l8.3l to establish 
the last equality. Thus, for each j == 1, . . . , iJ~, we have a;(aj,u) = x(%) o ( i "p^" ) on Sh/fi{N^P'ip^), u e 
(Z/p^Z)^, and a^^u's are exactly p''^^(p— 1) proper i?Ar^^pn -ideal class representatives such that aj^uRN„, = 
QljRff^^ (see Lemma [O] and Section [??T]) . Let aj^„ — aj^uRNr^sP" foi" '^j,u ^ -^a • 

Note that A^^p = 1 implies A(2l~^) = A(21J^) and ^(2tJ^) = (^(2lJ^). Since aj,„i?Ar„^ = 2ljiT!Ar„, and 
^3,u = ( 1 "Pf )"'2i, - ( 1 --P-' )%, we have 

{aj,u)p = ((aj>)p,(aj,„)p) = {-u,l)Aj^p = (-u, 1) mod (p^p'*). 

We conclude 

A(a,,„) = Ap(-u)Ap(l)A(2l,)-A(a,) 

since even if A eventually has a non-trivial conductor at p (precisely in the case p\c{ip)) it is supported at p 
by our choice. On the other hand, pr ((— u, 1)) = (— w, 1)^^^ = —u and we conclude 

p{aj^u) = fpii-u, iy^'')p{^j) = pp{~u)p{^j) . 

If we set Xm = '^ • <y5 • I ■ Iftf : its oo-type is (fc -f- 2to,0), that is, Xm(«oo) = a^^™j and its conductor 
is precisely NnsP'^Ylifzc, 1™'^'^^^'^)) by our choice of A. Moreover, x^Iax — '0 "^1 • Ia" = ''P7n since the 
anticyclotomic character p is trivial on rational ideles A^, while A|ax = ip^ by our choice. 

Then continuing from (j8.7p . we have 

^M-SUf: E A(a-)^(a-)(d'"/(p))(.(a,„),.p(a,„)) 






25 



(8.8) = SSi:E E (x™K>)I«.,«ImJ (d"7(^))(:^(a,,„),^p(a,,„)) 

Note that proper i^^r^^p^-ideals Oj^„ in the above double sum form a complete set of class representatives 
for Cl~^f{NnsP'^) and moreover every summand is independent of the choice of proper i^^r^^p^'-ideal class 
representative. The latter immediately follows from Lemma 16.21 and Katz-Shimura rationality result (|5.ip 
(alternatively, we can directly quote statement (G3') on page 762 of [Hi04j ) . Thus we can relabel this 
complete set of representatives of proper i?Ar^^ps -ideal classes in Cl^j{NnsP'') into Oi, . . . , a^- where h~ = 
h~ (NnsP'^) '■= \d]^,j{NnsP'')\ and a^- = ajR^n^p'^ for j = 1, . . . ,h~. Moreover, we may assume that aj^i = 1 
at all primes l\NnsP- Then the double sum in question is 

h- 

>Cx„(rf"/'^') := E (Xm(a-')k,ir/J (d"/(^))(a:(a,),a.,(a,)) • 

Now we prove the following 
Lemma 8.5. 

Proof. We follow the notation from the proof of Lemma [8?2] The key point of the proof is that 

(d"7)l^p(^(a,),c.p(a,)) = rf"/ ((x(a,),a;p(a,)) o (?. ^y') ^ d"\f{x{pa,),u:p{pa,)) 

The second identity follows immediately from Shimura's reciprocity law while the first one can be established 
by repeating subtle argument from Lemma [8?2l Indeed, if we set a = (S 5") G G(Q) C G(A), then d™ f\Vp = 
p~^''^~'^ d"^{f \aoo) is evident from the g-expansion principle, and we have the following incarnation of the 
identity (|g^ : 

5^f{{x,uj^(x))oay)=p-''/^-^5^{f\a^)(x,wUx)). 

Its proof is literally the same as the one of (|8.4p . except that the present aoo not being unipotent causes 
appearance of the p-power factor coming from its determinant. 
Using (|8.5p we conclude 

d"^fp\x{a^),i^,{aj)) = (d™/|(l - T,Vp + ^(p)/-^/)) (a;(a,),^p(a,)) 

= d^f{x{a,),^p{a,))-p^a{p,f)d^f{x{^aj),ujp{^a,))+ 

for J = 1, . . . , /i~. After multiplying by Xm(a7 )I'JjIm ^^^ summing over j we get the desired identity. D 
This lemma allows us to piece together (|8.8p with (|6.4I) by means of the Katz-Shimura rationality result 



gg^ (1 - a(p, /)x™(p) + i^(p)p'-'xmm) C^^d-^f) 



Q/c+2m (-\k-\-2in ^ 



a 



^ SM (1 - «b'/)x™(P) + ^b)/~'Xm(p')) E (Xm(«7')l«.lMj ('5r/)(a:(a,),c.„.(a,)) 

''oo ■_2 

P ^^(p),(gi^,i)^+^™|det(5i°°^)ir f ^Q(f^-P^) y\^ (f„) 



(8.9) =Ci?(p) 

where 



(8.10) E{p) := 1 - a(p, /)x™(p) + V(p)/"'Xm(r) 
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and 

(8.11) C := G(^,),(5i,oo,i)'^-+^™|det(g(°°))|r i^^j^, 

Note that we have ()8.9p only under assumption s > niax(l, ordp(A'o)) as this was running assumption (|6.2p 
in Section [5] 

9. Main theorem 

Before invoking the main Theorem 4.1 of [HilObj . it remains to explain how starting from a normal- 
ized Hecke newform /q G S'fc(ro(A'o), V"); '^6 choose a suitable normalized Hecke eigen-cusp form / such 
that its arithmetic lift f is in the automorphic representation TTf^ generated by the unitarization f^. If 
fo\T{n) = a(n, /o)/o we define Satake parameters a;,/3/ € C by the equations a/ + /3; = a{l, fo)/l^''~^^^'^ 
and aiPi = ^{l) when I \ Nq, while we set ai — a{l, ff))/l^^~^^/'^ and j3i — Q when ^|iVo. The form / is 
a normalized Hecke eigen-cusp form with f\T[n) ~ a{n,f)f and a{l,f) — a(Z,/o) for all primes I outside 
lcin{No,p,do{Mj). If lcm(iVo,p,do(M)) — Nq, we set / := /o, otherwise it is possible to choose / such that 
for primes l\\cin{NQ,p,dQ{M)) we have 

Note that fg and f" generate the same unitary automorphic representation which we denote TTf from now. 
We also assume that a{l, fo) ^ for split I G Csp- 

Let /o and / be as above. Recall that if iVo = H/ ^'''■''' i^ 1^^ prime factorization we denote by Nns = 
ri; non-split ^''''''' ^^^ "nou-split" part. Let A : M^\M^ — > C^ be an arithmetic Hecke character that was 
fixed once and for all at the end of Section \S7I\ so that A(aoo) = o^ and Aj^x = ip~ , where -0 is a central 
character of f . 

Let ip : M^\M^ — ?■ C^ be an anticyclotomic arithmetic Hecke character such that (p{aao) = Ocx. for 

some 771 > (i.e. of infinity type (m, —m)) and of conductor 

1) NnsP" where s > max(l,ordp(Afo)) is an arbitrary integer or 

2) Nns 

We refer to the first case as p-ramified one, and to the second case as p-unramified one. We divide the set 
of prime factors of do{AI), Nq and ideal norm of the conductor of (p into disjoint union ^ U C as follows. If 
we are in the p-ramified case we set A — {p}, otherwise we set A — (I). Set C = Cq U Ci where Ci is the 
set of prime factors of do{M) and Cq ~ CiU Csp U Cr so that Ci consists of primes inert in M, Cr = {2} if 
ord2{d{M)) = 2 with v{2) > 2 and Cr — % otherwise. Then Csp consists of primes split in M that are not 
already placed in A. Thus, we have three possibilities for prime p: in the p-ramified case it is placed in set A^ 
whereas in the p-unramified case it is placed in set Csp when pjA^o or is completely out of this consideration 
when p -j" A^o- In the p-ramified case we set A — {p}, and in both cases we choose a prime [ over each I e Csp 
denoting the set of them by Csp = {I|Z G Csp}- 

Set Xm — X ■ (p ■ \ • y^i^ and recall that x~ :— {xm ° c)/|xm| denotes the unitary projection. Note that 
Xm = i^v)~ as the norm character has trivial unitary projection. Depending on the two cases above, the 
character Xm has conductor: 

1) Nr.sP'Ui^c.J""''^'^^^^ 

and satisfies condition (F) of Theorem 4.1 of }HilOb] . Set N :— lcm(A*'o,p'*), where in the p-unramified case 
we assume s = 0. Recall that d = \d{M)\ and TTf is the base-change hft of the above TTf to Rbsm/qG. We 
write L^^'^'{^, '^f ® Xm) ^^r the imprimitive L-function obtained by removing Euler factors at primes dividing 
Nd from the primitive one. 

Main Theorem. There exists a W -valued p-adic measure d^f on Cl^j(7V„sp°°) whose Mazur-Mellin trans- 
form is a p-adic analytic Iw as aw a function on the p-adic Lie group Homcont(Cl^(iV„sp°°), W^^), such that 
whenever ip : M^\M^ — > C^ is an anticyclotomic arithmetic Hecke character with (p{aoo) — aJS "^ for 
some m > and of conductor NnsP'' where s > OTdp(N) is an arbitrary integer or of conductor Nns, we 
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have p-adic interpolation of the "square root" of central critical Rankin- Selherg L-value L{-:r, itf (g) {\(p) ) as 
follows: 

f^pl)^C'E(p)'c'-'^;+!'ff+''E(l/2)g(,,,)"'"''''^-j,'"'^''''' . 

The constants E[p) and C are given by \8.1U\) and ^8.11\) . respectively. If the notation [■]* means that the 
factor inside the brackets appears only in the p-ramified case, the constant c ~ ci ■ G ■ v with 

ci = [exp( -)]* y/d(M){2iy''^^"'N''+^"' 

is given by 



G 






where x,n,i = Xmlq^ , X„j = XmU/f ' G(x„j) is Gauss sum of x^j, 

'1 if2\d{M)orv{2)>2, 

6 ifA\\d{M)andv{2)^{), 

^^^ ^ 4 if8\\ d{M)and v{2) ^ 0, 

2 if 2\d{M) and 1^(2)^1, 

and the modification Euler factors are given by 

n , , -h . n . . ^ a^h^'^^'^i'^Y- cr^h (i ^ i 

E [mj =^ 



n..c.p«r''^Ho/2^;„(HO)(i--^,,i-^) 



Proof. In the p-ramified case the theorem fohows from (|8.9p and Theorem 4.1 of |HilOb| . 

In the p-unramified case, the proof amounts to a tiny part of the argument of the p-ramified case. Namely, 
recaU that in this case for gi^p we use ( p" '' ^ ) when p\No or identity matrix when p] Nq. Note that proof of 
the Lemma I5TT] yields that when €p — 1 and this choice of gi^p is used, a H> fm(p(a)5i)Xm(a) factors through 
Cl]^{Nns) because, simply put, one can just ignore the part regarding prime number p in that proof. Thus, 
the (|6.4p becomes 

Then note that the action of such a choice of gi^p on CM points on Sh is already explained in the argument 

)nclude that the points 



above using Deligne's treatment of Sh, and we conclude that the points [zi , p{A, ^ )gi ] in Sh{C) correspond 



to 



/w 
on Sh/Q. Finally 



r,k+2m r>k+2m I , ^'^f'f 

H 
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i Lp 






= gM 1:^217^)^(217^) E K"/(^))(.(a„„),-,(a,„)) =... = C^(p)^^ 

and the theorem follows. D 

Remark 9.1. (1) Our result covers the case considered in |BDP] . 

(2) Note that the anticyclotomic character ip satisfies ^p{p) = ip{p)~^ so (^ is either unramified at p or 
has conductor p" for some s > 1. Thus, as far as ramification at p is concerned, the only case which 
the main theorem does not cover is when 1 < s < ordp(A^o)- However, in [HilObj Hida is able to 
compute i^^(f„j) in this case, but the outcome turns out to be f [HilObj Remark 4.2(c)), hence 
making the question of p-adic interpolation of L^{i) over arithmetic x's in this case vacuous. In this 
sense, our result is optimal. 

(3) Note that we opt to work with arithmetic Hecke characters 93 of conductor A^nsP^ , s > ordp(A^o) or s = 
0, just for the sake of simplicity of our exposition, this being the simplest instance when the condition 
(F) in Theorem 4.1 of [HilOb] is fulfilled by Xm •= -^ • 'z' • I ' Im • We could have treated characters 
such that their conductor is Z''^'^ at non-split primes l\Nns^ where i>(l) is any positive integer 
such that v{l) > vll). Then Xm as above has conductor Hiec [°''^'('^(''')) Y\i\n '"'^'•'p^ and satisfies 
condition (F) in Theorem 4.1 of [HilObj . Then by literally replacing in the above argument /"'^'^ 
with l^^^^ for non-split primes, we would obtain a W^-valued p-adic measure on ClJj(J|;|^ l'^^^^p°°) 
whose Mazur-Mellin transform provides p-adic interpolation of the "square root" of central critical 
Rankin-Selberg L- value L(i, TTf ® ((/?A)~). 

(4) We could also give alternative treatment for split primes l\N[) in the sense that we could place them 
in set A together with p. To specify gii in this case, we use ('"q'' }) instead of ('"g' 9) and note 
that the action of such a choice of gi^i on CM points on Sh is explained in the same way as the 
corresponding action of gi^p in the argument above using Deligne's treatment of Sh. Then if ip has 

conductor N^'p^, s > max(l,ordp(iVo)) or s = 0, where N^^' is the conductor of /q outside p, we 
ultimately construct a M^- valued p-adic measure on C\]^i{Nq p°°) whose Mazur-Mellin transform 
interpolates the "square root" of central critical Rankin-Selberg L-value L(i, TTf ® {ipX)~). Then (3) 

above allows us to cover ip^s of conductor N^'p'' where Nq is any positive integer divisible by 
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